RMO 2025a

KV or JNV

Exercise 1 (RMO 2025a P1, ¥ l). Solve the following system of equations

in nonnegative integers ay, asg, ...,as where a; # 1 fori=1,...,8:
ai1a2 = az + aq,
azaq = as + ag,
asae = a7 + ag,

arag = a1 + as.

Walkthrough —

(a) Observe that (a —1)(b— 1) = ab—a — b+ 1 holds for any integers a and
b.

(b) Using this identity, rewrite the system of equations conveniently.

Solution 1. Let (ay,as,as, a4, as, ag, az,as) be a solution of the system of
equations. Note that

(a1 — D)(az — 1) = ajas —ay —az + 1,
(as —1)(ag — 1) = azag —as —aqg + 1,
(a5 —1)(ag — 1) = asag — a5 —ag + 1,
(a7 —1)(ag — 1) = arag — a7 —ag + 1.

Since (a1, a9, as, a4, as, ag, a7, ag) satisfies the system of equations, we obtain
(a1 - 1)(@2 — 1) + (a3 — 1)(&4 — 1) + (a5 — 1)(&6 - 1) + (a7 - 1)(0,8 — 1) =4.

Since a; # 1 for any i = 1,...,8, we have a; —1 # 0 for any ¢ = 1,...,8. Using
that (a1,as2,as,aq,as,a6,a7,as) satisfies the system of equations, it follows
that one of aq,...,ag is equal to 0 if and only if all of a4, ...,ag are equal to 0.
Hence, if some a; is not equal to 0, then all of aq,...,ag are greater than or
equal to 2, and in this case, we have

(a1 - 1)(&2 — 1) Z 1,
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(a3 —1)(as — 1) > 1,
(a’5 - 1)(a6 - 1) 2 17
(a7 —1)(as — 1) > 1,

which implies that all of aq, . . ., ag are equal to 2. Also note that (0,0, 0,0,0,0,0,0),
(2,2,2,2,2,2,2,2) are solutions of the system of equations. This shows that
the solutions of the system of equations in nonnegative integers where a; # 1
fori=1,...,8 are

(0,0,0,0,0,0,0,0), (2,2,2,2,2,2,2,2).

Exercise 2 (RMO 2025a P2, :f:’ E). Let a,b,c be positive real numbers
satisfying abc = 1. Prove that

2a? n 202 n 2¢2 BRI
a c.
ad+1 b+1 A+1°~

Walkthrough —
(a) Apply the AM-GM inequality to reduce to proving that v/a + vb+ v/c <
2,32, 2
a® +b" +c”.
(b) Substituting z = v/a, y = Vb, z = /¢, it suffices to prove that z +y+2z <
z* + y* 4 2* for positive real numbers z, y, z satisfying zyz = 1.

(¢) Conclude by applying the rearrangement inequality.

Solution 2. Applying the AM-GM inequality, we have
2a? n 202 n 2c? < 20> n 2b2 n 2c?
ad+1  B+1 S+17 2632 232 232
=Va+Vb+ e

Therefore, it suffices to prove that
Va+Vbh+ e <a®+ b+
Writing = = v/a, y = Vb, z = \/¢, we have zyz = 1 and we need to prove that
T4y+z <zt 4yt 427
which is equivalent to

zyz(z +y+2) <zt 4yt 4+ 24
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Applying the rearrangement inequality two times, we obtain
2yt ot > a2 22 4 2%
>xY- Yz + Yz 2T+ 2T - TY
=zyz(x +y+ 2).
This completes the proof. |
Exercise 3 (RMO 2025a P4, ¥ B). A frog is initially at (0,0) and it reaches
(n,2), n > 1, using the following moves in any order several times:
1. R = (1,0), that is, if the frog is at (a,b) it goes to (a + 1,b);
2. U = (0,1), that is, if the frog is at (a,b) it goes to (a,b + 1);
3. D = (1,1), that is, if the frog is at (a,b) it goes to (a + 1,0+ 1).

In how many ways can the frog go from (0,0) to (n,2), n > 1, using the above
steps subject to the condition that steps of the type UU, DD are forbidden? (For
example, for n =3, RDUR, DRD are admissible paths, while DDR, RUURR
are not.)

Walkthrough —

(a)

Solution 3.
[ |

Exercise 4 (RMO 2025a P6, ¥ E). Define the sequence (ag,ar,as,...) as
follows: ag = 49 and a,, = 10*"a,,_; —1 for n > 1. Show that s(a2) = n?4+n+7
for all n > 0, where s(m) denotes the sum of digits in base 10 representation
of a nonnegative integer m.

Walkthrough —
(a)

Solution 4. For a nonnegative integer n, let P(n) denote the statement that
2n+1

2a, <10 ,

the integer a2 is congruent to 1 modulo 10, and

s(ai) =n?+n+7, s(lOQn+1 —2a,) =2n+2.
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Using ag = 49 and a = 2401, it follows that P(0) is true. Assume that P(n)
is true for some nonnegative integer n. We will show that P(n + 1) is true. By
the definition of the sequence, we have

n+1
02

Ap+1 = 1 Ay — 1.

This gives
1027 — 2a,41 = 102" = 210" a, — 1)
=102" —2.102" a4, +2
=102 (10" = 2a,) + 2.

Using the induction hypothesis, we have

n+2
2,41 < 1077,

Moreover, we have
5102 = 2a, 1) = s(10%" (10" = 2a,) + 2)
= 510" = 2a,) + 5(2)

=2n+2+2
=2(n+1)+2.

Since an4+1 = —1 (mod 10), we have a2 ; =1 (mod 10). Also note that
azi, = (102n+1an — 1)
=106 —2-10*" " a, + 1
=102"" (a2 = 1) + 10" (102" = 2a,,) + 1.

n

Using 0 < 102" — 24, < 102", we obtain

s(@2,) = s(a> = 1) +s(10>"" = 2a,) + 1

Using the induction hypothesis, we have

s(az,1)=M*+n+7-1)+2n+2)+1
=n+1)*+(n+1)+7.

This shows that P(n + 1) is true. By the principle of mathematical induction,
we conclude that P(n) is true for all nonnegative integers n. ]
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