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Exercise 1 (RMO 2012e P2, 3). cf. [GA17, Problem 141] Let P (x) =
xn + an−1x

n−1 + · · · + a0 be a polynomial of degree n ≥ 3. Knowing that
an−1 = −

(
n
1

)
and an−2 =

(
n
2

)
, and that all the roots of P are real, find the

remaining coefficients. Note that
(
n
r

)
= n!

(n−r)!r! .

Solution 1. Let α1, α2, . . . , αn denote the roots of P . Note that∑
1≤i,j≤n,i ̸=j

(αi − αj)
2

= 2(n− 1)
∑

1≤i≤n

α2
i − 2

∑
1≤i,j≤n,i̸=j

αiαj

= 2(n− 1)
∑

1≤i≤n

α2
i − 4

∑
1≤i<j≤n

αiαj

= 2(n− 1)

 ∑
1≤i≤n

αi

2

− 4(n− 1)

 ∑
1≤i<j≤n

αiαj

− 4
∑

1≤i<j≤n

αiαj

= 2n2(n− 1)− 4n
∑

1≤i<j≤n

αiαj

= 2n2(n− 1)− 4n

(
n

2

)
= 0.

Since α1, . . . , αn are real, it follows that they are all equal. Using α1+· · ·+αn =
n, we get

α1 = α2 = · · · = αn = 1.

This implies that ai = (−1)i
(
n
i

)
for any 0 ≤ i ≤ n− 1. ■

Solution 2. Let α1, α2, . . . , αn denote the roots of P (x). Note that

(α1 − 1)2 + (α2 − 1)2 + · · ·+ (αn − 1)2

= α2
1 + α2

2 + · · ·+ α2
n + n− 2(α1 + α2 + · · ·+ αn)
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= (α1 + α2 + · · ·+ αn)
2 − 2

∑
1≤i<j≤n

αiαj + n− 2(α1 + α2 + · · ·+ αn)

= n2 − n(n− 1) + n− 2n

= 0.

So the roots α1, α2, . . . , αn are all equal to 1. This implies that P (x) = (x−1)n,
and hence ai is equal to (−1)i

(
n
i

)
for any 0 ≤ i ≤ n. ■

Exercise 2 (RMO 2012e P3, 3). Find all natural numbers x, y, z such that

(2x − 1)(2y − 1) = 22
z

+ 1.

Solution 3. Let x, y, z be natural numbers satisfying the above equation. Note
that the above equation can be rewritten as

2x+y = 2x + 2y + 22
z

.

Let us first consider the case that x ≤ y. Note that 2z ≥ x holds and we have

2y = 1 + 2y−x + 22
z−x. (1)

Let us consider the case that x = y. Then we obtain

2y = 2 + 22
z−x,

which gives y = 2, 2z − x = 1, which yields

2z = x+ 1 = y + 1 = 3,

which is impossible. This shows that x < y.
Let us consider the case that x < y. Using Eq. (1), we obtain 2z = x,

y − x = 1 and y = 2, which gives

x = 1, y = 2, z = 0.

It follows that any solution of the given equation in the natural numbers
satisfying x ≤ y is equal to (1, 2, 0). Since the given equation is symmetric in
x, y, it follows that any given solution of this equation is equal to one of

(1, 2, 0), (2, 1, 0).

Note that the above triples satisfy the given equation. Hence, the above triples
are precisely all the solutions of the given equation in the natural numbers. ■

Exercise 3 (RMO 2012e P4, 3). Let a, b, c be positive real numbers such
that abc(a+ b+ c) = 3. Prove that we have

(a+ b)(b+ c)(c+ a) ≥ 8.

Also determine the case of equality.
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Solution 4. Note that

(a+ b)(b+ c)(c+ a) = (a+ b+ c)(ab+ bc+ ca)− abc

= abc(a+ b+ c)

(
1

a
+

1

b
+

1

c

)
− abc

= 3

(
1

a
+

1

b
+

1

c

)
− abc

≥ 9
1

3
√
abc

− abc.

Also note that

3 = abc(a+ b+ c)

≥ 3(abc)4/3,

which gives abc ≤ 1. Using the above inequalities, we obtain

(a+ b)(b+ c)(c+ a) ≥ 9− 1

= 8.

This proves that
(a+ b)(b+ c)(c+ a) ≥ 8,

where equality holds if and only if all the prior inequalities are equalities, or
equivalently, a = b = c. Using abc(a+ b+ c) = 3, it follows that a, b, c are equal
if and only if they are equal to 1. This shows that (a+ b)(b+ c)(c+ a) = 8 if
and only if a, b, c are equal to 1. ■

Exercise 4 (RMO 2012e P6, 3). A computer program generated 175
positive integers at random, none of which had a prime divisor greater than 10.
Prove that there are three numbers among them whose product is the cube of
an integer.

Solution 5. Denote these integers by

2a13b15c17d1 , 2a23b25c27d2 , · · · , 2a1753b1755c1757d175 .

By pigeonhole principle, there exists a subset A of {1, 2, . . . , 175} of size 59 such
that the integers ai, for i in A, are congruent to each other modulo 3. By the
same principle, it follows that there exists a subset B of A of size 20 such that
the integers bi, for i in B, are congruent to each other modulo 3. Applying the
same principle, we obtain a subset of C of B of size 7 such that the integers ci,
for i in C, are congruent to each other modulo 3. Using the principle principle
once again, we get a subset D of C of size 3 such that the integers di, for i
in D, are congruent to each other modulo 3. Since D ⊆ C ⊆ B ⊆ A holds, it
follows that the product of the three integers

2ai3bi5ci7di , i ∈ D

is a perfect cube. ■
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