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Exercise 1 (RMO 2012a P2, B, ¢f. RMO 2002 P3, RMO 2012d P2, RMO
2012b P2, RMO 2012c P2). Let a, b, ¢ be positive integers such that a|b®, b|c3
and c|a®. Prove that abc divides (a + b+ ¢)'2.

Solution 1. In the following, k& denotes one of the integers 2,3,4,5. Assume
that a | b*,b | c*,c | a®. Note that if one of a, b, ¢ is equal to 1, then all of them
are equal to 1, and then there is nothing to prove. Henceforth, let us assume
that a, b, c are larger than 1. The given conditions imply that the set of prime
divisors of a, b, ¢ are equal.

Let p be a common prime divisor of a, b, c. Let p®, p®,p? denote the highest
powers of p dividing a, b, ¢ respectively. The given divisibility conditions imply
that

a<kB,B < ky,y <ka.
This yields
a+B+y<a+kia+2a=(k+k+1)a,

and similarly, a + 8 +~v < (k> +k+1)8, a+ B+~ < (k*> + k + 1)7, which
shows that
a+ B+ < (k* +k+1)min{a, 8,7}

Note that pTin{o"ﬁ’“’} divides a+b+c. By the aQbove inequality, p® T+ divides
(a+b+ )" T+ So abe divides (a + b+ ¢)* 51 Also note that po+AF+7
is the highest power of p dividing abc. This shows that for each common

prime divisg)r p of a, b, ¢, the highest power of p that divzjdes abc also divides
(a+b+c)F R+ Tt follows that abe divides (a + b+ ) Tr+1, [ ]

Solution 2. It suffices to show that abe divides a®b?c” for any nonnegative
integers «, 8,7 such that o + 3 + v = k%2 + k + 1. Note that

abe | ac®t | ak2+k+1, abe | a1 | bk2+k+1, abe | bF e ck2+k+1,

. . . 2 2 2 . .
which shows that abc divides g TF+1 pF +r+1 k7+k+1 Noreover, abe divides
a“b’c? when «, 8,7 are all positive. It remains to consider the case when
exactly one of «, 3, is zero, which we assume from now on. If a = 0, then

abe | V¥l | 0P if B> k41,
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abe | K | P i B < k
holds. If 8 =0, then

abe | Fla| da® if y >k +1,

abe | aFtle | cTa®if vy <k
holds. If v = 0, then

abe | a1 | a®bP if a >k + 1,

abe | P+ | a®b? if o < k
holds. This shows that abe divides (a + b+ ¢)F* +r+1, ]

Exercise 2 (RMO 2012a P3, &% B, RMO 2012b P3, RMO 2012c P3, RMO
2012d P3). Let a and b be positive real numbers such that a +b = 1. Prove
that a®b® + a®b® < 1.

Solution 3. For any positive a, b, the sequences (a®,b%), (a’, b’) are sorted the
same way. Applying the rearrangement inequality, we obtian

a®? + abb® < a%a’® + b’ = @t + 9t =g + b= 1.
[ ]

Exercise 3 (RMO 2012a P4, B, cf. RMO 2012b P4, RMO 2012c P4, RMO

2012d P4). Let X = {1,2,3,...,10}. Find the number of pairs {4, B} such
that AC X,BC X,A# Band AN B = {2,3,5,7}.

Walkthrough — Establish a suitable one-to-one correspondence between
the set of ordered pairs (A, B) of subsets of {1,2,...,10} satisfying AN B =
{2,3,5,7}, and the set of maps f: {1,2,...,10}\ {2,3,5,7} — {0,1,2}.

Solution 4. Note that given a subset Y of a set X, the ordered pairs (A, B)
of subsets of X with AN B =Y are in one-to-one correspondence with the
maps from X \' Y to {0,1,2} (where the inverse images of 0,1, 2 correspond
to A\ (ANB),B\ (AN B),X \ (AU B), respectively). Moreover, if (4, B) is
such an ordered pair, then (A, B) = (B, A) holds if and only if A= B =Y.
It follows that the number of ordered pairs {A, B} satisfying AN B =Y and
A # Bis equal to $(3X\YI — 1) if X \ 'Y is finite.

The number of pairs of the given type are 36 — 1,37 — 1,37 —1,3% — 1 for
the above four problems, respectively. |
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Typos may be reported to jpsaha@iiserb.ac.in.

Exercise 4 (RMO 2012a P6, ¥ B). Let a and b be real numbers such that
a # 0. Prove that not all the roots of az* + bx® + 22 + 2 + 1 = 0 can be real.

Solution 5. Since a is nonzero, the polynomial az?* 4 b3 + 22 + 2 + 1 has four

roots in C. Denote these roots by a1, as, az, ay. Since ajasasay is equal to %,

it follows that the roots a1, g, a3, ay are nonzero. Note that the reciprocals of

a1, g, a3, g are the roots of the polynomial x4 4+ 22 + 22 + bx + a. This gives
1 1 1 1 1

—+—+—+—=-1,
(651 (65) (0% Qy

:17
—~ oy
1<i<j<4

which yields

1 1 1 1 11 1 1)\? 1
Sttt =(—t—t—+—) -2 )
oy a5 a3 ay a1 (65) Qs Oy 1<i<j<4 ;0

This shows that not all of oy, as, a3, oy are real. [ |
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