RMO 2009

Exercise 1 (RMO 2009 P2, ¥ B). Show that there is no integer a such that
a? — 3a — 19 is divisible by 289.
Solution 1. If a® — 3a — 19 is divisible by 289 for some integer a, then

4(a® — 3a —19) = (2a)* — 124 — 76 = (2a — 3)* — 85

would be divisible by 289 = 172, and hence 2a — 3 would be a multiple of 17,
and consequently, 172 would divide 85, which is impossible. This proves the
result. |

Exercise 2 (RMO 2009 P3, i l). Show that 32098 4 42009 can be written as
product of two positive integers each of which is larger than 200932,

Solution 2. Note that 32008 142009 ig equal to 4z* +y* where z = 4592,y = 3502,
Also note that

32008 1 42009 — (922 4 o2 — 229))(222 + y? + 2xy)

holds. Since x # v, it follows that the integers 222 +12% + 22y, 222 + 1% — 22y are
strictly larger than x2. So it suffices to show 22 > 2009'82, which is equivalent
to « > 20091, which follows since

o — 4502 _ 91004 | 91191 _ 904091 < 909l
holds. |

Exercise 3 (RMO 2009 P4,¥ E). Find the sum of all 3-digit natural numbers
which contain at least one odd digit and at least one even digit.

Walkthrough —
(a) Note that the 3-digit natural numbers containing at least one odd digit,
and at least one even digit, form the set S\ (E'U O), where
S = the set of 3-digit integers,
FE = the set of 3-digit numbers having even digits only,
O = the set of 3-digit numbers having odd digits only.
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I (b) Apply the inclusion-exclusion principle.

Solution 3. Let E (resp. O) denote the set of 3-digit numbers having even
(resp. odd) digits only. Denote by S the set of 3-digit integers. Note that the
3-digit numbers with at least one even digit and at least one odd digit form
the set S\ (E'UO). By the inclusion-exclusion principle, the size of the set

S\ (EUO) is equal to
d 5= ey

seS z€E yeO
Note that
D s =10+101 + - + 999 = 1099 - 450.
seS
Observe that there are 53 elements on O. Moreover, for any 1 < k < 3 and
for any d € {1,3,5,7,9}, there are 52 elements of O that contain d in the k-th
digit. It follows that

> y=100-5*(1+3+5+7+9)+10-5°(1+3+5+7+9)
yeO

+52(1+3+5+7+9)
=111-25-25.

Similarly, there are 53 integers of the form 100a + 10b + ¢ with a,b,c €
{0,2,4,6,8}, and their sum is equal to
100-5*(0+2+4+6+8)+10-5*(0+2+4+6+8) +5*(0+2+4+6+38)
=111-25-20.

Note that there are 52 integers of the form 10b + ¢ with b, ¢ € {0,2,4,6,8}, and
their sum is equal to

10-5(0+2+4+6+4+8)+5(0+2+4+6+8)=11-5-20.
This shows that

Zx:111-25-20—11~5-20:54400.
xeFR

It follows that
Ds=> = y=1099-450 — 111 - 25 - 25 — 54400
seS z€E o)
= 495000 — 450 — 62500 — 6250 — 625 — 54400
= 495000 — 450 — 123775
= 370775.
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Exercise 4 (RMO 2009 P5, :'2' Bd). A convex polygon is such that the distance
between any two vertices does not exceed 1.

(i) Prove that the distance between any two points on the boundary of the
polygon does not exceed 1.

(ii) If X and Y are two distinct points inside the polygon, prove that there
exists a point Z on the boundary of the polygon such that XZ +YZ < 1.

Solution 4. Note that for any four complex numbers z1, 29, 23, 24 and any
0<t,s<1, we have

(tz1 + (1 —t)22) — (sz3 + (1 — 8)2z4)
=t(z1—2z3)+(t—8)z3+ (1 —58)(22 — z4) + (s — t)22
=t(z1 —23)+ (s —1t)(23 — 22) + (1 — 5)(22 — 24)

and

(tz1 + (1 —t)2z2) — (sz3 + (1 — 8)z4)
=s(z1—z3)+(t—s)z1+ (1 —t)(22 — 2z4) + (s — )24
=s(z1 —2z3)+ (t—8)(21 —2z4) + (1 — t)(22 — 24).

If the distance between no two of z1, 2o, 23, 24 exceeds 1, then

t+(s—t)+(1—-s)=1 ifs>t,
1

[(tz1 4+ (1 —t)z2) — (s23+ (1 — 8)z4)| < {8+ (t—s)+(1—t) = if t > s.

This proves part (i).
Extending XY to the boundary of the polygon, we find two points Z1, Zs
on the boundary such that Z;, X, Y, Z5 are collinear. Note that

(XZ1+YZ)+ (XZ24+YZy) = (XZ1+ XZ2)+ (YZ1 + Y Z5)
=2717,
S 2;
which shows that X771 +YZ; <1 or XZy 4+ YZ; <1 holds. This proves part
(ii). |

Exercise 5 (RMO 2009 P6, ¥ E). In a book with page numbers from 1 to
100 some pages are torn off. The sum of the numbers on the remaining pages
is 4949. How many pages are torn off?

Solution 5. Suppose r pages are torn off. Denote the page numbers of the
torn pages by 2ny — 1,2n1,2n2 — 1,2n9,...,2n, — 1,2n,. So

1424 +50
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=4949+4+2n1 — 14+ 2n1 +2no — 14+ 2n9+-- -+ 2n, — 1 + 2n,.,
which gives
4(ny + -+ -+ n,) —r = 5050 — 4949 = 101. (1)
Consequently, we obtain
101 =4(ny+---+n,)—r
>4 42+ +7)—7

=2r(r+1)—r

=r(2r+1),
and hence

_ 9. 14y
< 1+v1+4-2-101 _ 1+ /809 <7
< 1 1 <

Moreover, Equation (1) implies that » = 3 (mod 4). Consequently, three pages
are torn. |
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