RMO 2007

Exercise 1 (RMO 2007 P2, &¥ B). Let a,b, ¢ be three natural numbers such
that a < b < ¢ and ged(c — a,¢ —b) = 1. Suppose there exists an integer d
such that a + d,b+ d, ¢ 4+ d form the sides of a right-angled triangle. Prove
that there exist integers ¢, m such that ¢ + d = £2 + m?.

Solution 1. Since a < b < ¢, and the integers a + d, b+ d, ¢ + d form the sides
of a right-angled triangle, it follows that

(c+d)? = (a+d)?*+ (b+d)>. (1)
Writing the above as a quadratic equation d, we obtain
d>+2(a+b—c)d+a*+bv*—c* =0,
which implies that
d=(c—a—b)£+/(a+b—c)?— (a4 —2).

Since a+b+d—c=(a+d)+ (b+d) — (c+ d) is positive, we obtain

d=(c—a—b)++/(a+b—c)?— (a2 +b2—c?)
= (c—a—b) + /2 + 2ab — 2bc — 2ca
=(c—a—-0)++2(c—a)(c—0).

Since d is an integer, it follows that 2(c — a)(c — b) is a perfect square. Note
that the integers ¢ — a,c — b are positive and relatively prime. So there are
positive integers m,n such that ¢ — a,c — b are equal to 2m?, n? in some order.
This yields
c+d=(c—a)+ (c—b)+2(c—a)(c—b)
=2m? +n? +2mn
=m? + (m+n)?

which proves the result. |
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Remark. After obtaining Eq. (1), one may also argue as follows. Note that
Eq. (1) implies that a divisor of any two of a+d, b+ d, c+ d, divides all of them,
and hence also divides the differences ¢ — a, ¢ — b, which are coprime. This shows
that a + d, b+ d, c + d are pairwise coprime integers, and (a + d, b+ d,c+ d) is
a primitive Pythagorean triple. It follows (how?) that ¢+ d is equal to £2 +m?
for some integers £, m.

It is not a good idea to apply the classification of primitive Pythagorean
triples to conclude that ¢+ d is the sum of two squares, since the above solution
of Exercise 1 is no different from (one proof of) the classification of primitive
Pythagorean triples, which is provided below.

A careful reading of the above solution of Exercise 1 leads to the following
proof of the primitive Pythagorean triples as follows.

\

Lemma 1 (Classification of primitive Pythagorean triples)

Let 1 <z <y < z be integers satisfying
z? + y2 = 22,
Then the following statements are equivalent.
(i) Some two of z,y, z are relatively prime.
(ii) Any two of z,y, z are relatively prime.
(iii) The integers z — x, z — y are relatively prime.

If any of the above conditions holds, then there are relatively prime
positive integers a > b such that z,y are equal to a? — b2, 2ab in some
order, and z is equal to a® + b2.

. J

For a geometric proof of the above, we refer to [ST15, §1.1].

Proof. Note that

o =(z-y)z+y), ¥’ =(2-a)(z+2)

holds. So any common prime divisor of z — z, z — y is also a common divisor

of x,y. Using 2 + y2 = 22, it follows that any common divisor of x,y is also a

common divisor of z — x, z —y. The equivalence of the three statements follows.
Assume that one of the given conditions holds. Note that

(@+y—2°=(x+y—2)°—(@*+y* - 2%
=222 4 2zy — 22(x +y)
=2(z—2)(z—vy)
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holds. Since z — z, z — y are relatively prime, and 2(z — x)(z — y) is a perfect
square, it follows that there are positive integers m,n such that z — x,z — y
are equal to 2m2,n? in some order. Note that

z=(-2)+(z-y) +(@+y—=2)
=2m? +n? + 2mn

=m?+ (m+n)?,
and this implies that

z—2m? = (m+n)? —n?,
z—n?=2m(m +n).

Putting
a=m+n,b=m,

it follows that x,y are equal to a? — b?,2ab in some order, and z is equal

to a® 4+ b%. Since z,y are relatively prime, we get that the integers a,b are
relatively prime. O

Exercise 2 (RMO 2007 P3,&¥ B). Find all pairs (a,b) of real numbers such
that whenever « is a root of 22 + ax + b = 0, a® — 2 is also a root of the
equation.

Solution 2. Let a, b be real numbers such that for any root o of z?4ax+b =0,
a? — 2 is also a root. Denote the roots of 2 + ax + b by «, 8. There are the
following possibilities.

(1) o> —2=q, 2 -2=0,

If @ = S, then these four cases are equivalent to
a?—2=p2-2=0a=0,

which shows that « is equal to 2 or —1, and hence (a,b) is equal to (—4,4) or
(2,1).

It remains to consider the case that o # 3, which we assume from now on.

In Case (1), a, 3 satisfy the equation X? — X —2 = 0. So (a, 3) is equal to
(2,—1) or (—1,2), and hence (a,b) is equal to (-1, —2).

In Case (2), we have o? — 32 = 3 — o, which gives a+ 3 = —1 (since a # f3).
So

=1

DN | =
N W

af = 5o+ B) — 5(02 4 %) = (a+ B — lat f+4) =
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This shows that a, 3 are roots of the quadratic polynomial 2 4+ = — 1, and
hence, (a,b) is equal to (1,—1).

In Case (3), note that a is equal to 2 or —1. Using 2 = 2+« and a # 3, it
follows that («, 8) is equal to (2,—2) or (—1,1), and hence (a,b) is equal to
(0,—4) or (0,—1).

Similarly, in Case (4), (a, 8) is equal to (—2,2) or (—1,1), which shows (a, b)
is equal to (0,—4) or (0, —1).

So (a,b) is equal to one of (—4,4),(2,1), (-1,-2),(1,—1),(0,—4), (0, —1).

Moreover, if (a,b) is equal to any of these six pairs, then it can be checked
that for any root a of 22 + ax + b = 0, o — 2 is also a root.

We conclude that all the required pairs are (—4,4), (2,1), (-1,-2), (1,-1),
(0,—4), (0, —1). |

Exercise 3 (RMO 2007 P4, 2:" Bd). How many 6-digit numbers are there such
that

(a) the digits of each number are all from the set {1,2,3,4,5},
(b) any digit that appears in the number appears at least twice?

For example, 225252 is valid while 222133 is not.

Solution 3. Such a 6-digit number is formed
1. using a,a,a,a,a,a for some a € {1,2,3,4,5}, or

2. using a,a,a,a,b,b or a,a,b,b,b,b for some a,b € {1,2,3,4,5} with a # b,
or

3. using a,a,a,b,b,b for some a,b € {1,2,3,4,5} with a # b, or

4. using a, a,b, b, ¢, c for three distinct elements a,b, c € {1,2,3,4,5}.

2 2141 214! 2/ 313! 3/ 212121

5
:5+<>(15+15+20—|—90)

So there are

2
= 1405

many 6-digit numbers satisfying the given conditions. |
Exercise 4 (RMO 2007 P5, ¥ ). A trapezium ABCD, in which AB is

parallel to C'D, is inscribed in a circle with centre O. Suppose the diagonals
AC and BD of the trapezium intersect at M, and OM = 2.
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(c) (d)
Figure 1: RMO 2007 P5, Exercise 4
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1. If ZAMB is 60°, find, with proof, the difference between the lengths of
the parallel sides.

2. If ZAMD is 60°, find, with proof, the difference between the lengths of
the parallel sides.

Solution 4. Let P denote the intersection of AB with extended OM, and let
@ denote the intersection of CD with OM extended. Note that ZBAC and
ZBDC are equal, being angles subtended by the same chord BC'. Since AB is
parallel to CD, we have

/ZABD = /BDC.

This shows that /BAM,/ABM are equal, and hence AM = BM. Using
AM = BM and OA = OB, it follows that AAMO, ABMO are congruent,
and hence, ZAMO, Z/BMO are equal. This implies that ZAM P, /BM P are
equal. It follows that AAM P, ABM P are congruent. Thus, PQ bisects AB,
and is perpendicular to it. Similarly, it follows that PQ bisects C'D, and is
perpendicular to it.

Note that AAPM, ACQM are similar, which gives

cQ AP

CM  AM’
We obtain
cqQ
CD—AB|=2|CM — AM|—.
| =2 P,
Let H denote the foot of the perpendicular from O to AC. Note that
CM=CH+HM MA=HAFHM,

which yields

HM
M — MA|=2HM =20M .
© | OM > 5h
This gives
B HM CQ
CD*AB74.OM‘07M.07M.

If ZAM B = 60°, then ZCM@ = 30°, which gives
HM V3 CQ 1

oM 2’ OM 2
and hence,
CD—AB:4~2-?~%:2\/§.
Similarly, if ZAM D = 120°, then ZCMQ = 60°, which gives
HM 1 CQ V3

OM 20 CM 2°
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implying that

CD—-—AB=4-2. -?:2\/3.

N | =

Exercise 5 (RMO 2007 P6, ¥ B). Prove that
(a) 5< Vb + V5+ V5,
(b) 8> V8+V8+ V8,
(¢) n>/n+ ¥n+ Yn for all integers n > 9.

Solution 5. Note that
8 7
\/g > 2, \3/5 > g, % > 5

holds, which gives the first inequality. Using 3 > /8,3 > v/8, we obtain the
second inequality. Note that

V4 n+Vn <vn+vn+vn=3vn

holds for any integer n > 1. Since n > 34/n holds for any n > 9, the third
inequality follows. |

I Remark. One may also use the AM-GM inequality to obtain the first inequality.
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