RMO 2005

Exercise 1 (RMO 2005 P1, ¥ ). Let ABCD be a convex quadrilateral.
Let P,Q, R, S be the midpoints of AB, BC,CD, DA respectively such that
triangles AQR and CSP are equilateral. Prove that ABCD is a rhombus.
Determine its angles.

Walkthrough —

(a) Show that PS, RQ are parallel and are of the same length, to conclude
that PQRS is a parallelogram.

(b) Using the fact that triangles AQR and C'SP are equilateral, show that
ZCSP,ZAQR are equal.

(c) Use this to prove that AQ is parallel to C'S, and are of the same length.

(d) Prove that AB is parallel to CD, and are of the same length, to conclude
that ABCD is a parallelogram.

(e) Since the medians AR, CS of AACD are of the same length, show that
ZRAC, ZSCA are equal.

(f) Use this to prove that ARAC, ASC A are congruent, and hence, AD =
CD.

(g) Conclude that ABCD is a rhombus.

(h) Show that the medians of AACD are equal, to conclude that AACD is
equilateral.

(i) Determine the angles of the rhombus ABCD.

Solution 1. Since P, S are mid-points of AB, DA respectively, it follows that
PS is parallel to BD and it is equal to %BD. Similarly, RQ is parallel to BD
and it is equal to %BD. This shows that PSS, RQ are equal and parallel to each
other.

Thus LZCSP,ZCUQ are equal. Since ACSP,AAQR are equilateral, it
follows that ZCSP, ZAQR are equal to 60°. This shows that ZCUQ is equal
to ZAQR. Consequently, AQ is parallel to CS, and they are equal. This
implies that AQC'S is a parallelogram. Hence, AD is parallel to BC, and they
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Figure 1: RMO 2005 P1, Exercise 1

are equal since S (resp. @) is the mid-point of AD (resp. BC). Consequently,
ABCD is a parallelogram.

Since the medians AR, C'S of AACD are equal, it follows that ZRAC, Z/SC A
are equal. This implies that ARAC, ASC A are congruent, which gives AS =
RC, and hence, AD = CD. Since ABCD is a parallelogram and AD = CD,
it follows that ABCD is a rhombus.

Denote by X the point of intersection of the diagonals of ABC'D. Note that
DX is a median of AAC'D, and DX = %BD = PS = CS. Using the equality
of the medians DX, C'S of AACD), we get that AC = AD. Since AC, AD,CD
are equal, it follows that AACD is equilateral. Thus, ABCD is a rhombus
with ZADC = 60°. Moreover, we have

/ZABC =60°,/DAB = ZDCB = 120°.

Exercise 2 (RMO 2005 P2, ¥ B). If x,y are integers and 17 divides both the
expressions 2 — 2zy + y? — 5z + Ty and 22 — 3xy + 2y? + = — y, then prove
that 17 divides zy — 122 + 15y.

Walkthrough —
(a) Factorize 2° — 3zy + 2y® + = — y to show that

z=y (mod17), orz=2y—1 (mod 17)

holds.

(b) Consider the above cases seperately, and use the divisibility of the other
expression by 17 to obtain some congruence conditions on y. Using these
conditions to read zy — 12z + 15y modulo 17.
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Solution 2. Let z,y be integers such that 17 divides both the expressions
2% — 2zy + 4% — 5z + Ty and z2? — 3zy + 2y? + = — y. Note that

a? = 3wy + 2" +r—y=(r—y)(r -2y +1),
which is divisible by 17. It follows that
r=ymod17, orx=2y—1mod1l17

holds.
Let us consider the case that x = y mod 17. It follows that

22 —2xy+1y® —5x+ Ty = (v —y)® — bz + Ty = 2y mod 17.

Since 17 divides 22 — 2zy + y2 — 5z + Ty, we get 2y = 0 mod 17, which yields
x =y =0mod 17, and hence 17 divides zy — 12z 4 15y.

Let us consider the case that = 2y — 1 mod 17. Using 22 — 2zy + 32 — 5z +
7y = 0 mod 17, we obtain

2y —1)* =22y — Dy +y* = 5(2y — 1) + 7y = 0 mod 17,

which yields y? —5y+6 = 0 mod 7. This implies that (y—2)(y —3) = 0 mod 17.
This shows that either x = 3 mod 17,y = 2 mod 17 holds, or z = 5 mod 17,y =
3 mod 17 holds. If x = 3 mod 17,y = 2 mod 17 holds, then

zy — 122 4+ 15y =6 — 36 + 30 = 0 mod 17
holds. If z =5 mod 17,y = 3 mod 17 holds, then we obtain
zy — 122 4+ 15y = 15 — 60 4+ 45 = 0 mod 17.

This proves that 17 divides xy — 12z + 15y. |

Example 3. If a, b, ¢ are three real numbers such that |a — b| > |¢|, |[b — ¢| >
lal, |c — a] > |b|, then prove that one of a,b, ¢ is the sum of the other two.

Solution 3. The given inequalities are equivalent to (a — b)2 — ¢ > 0, (b —

c)? —a®>>0,(c—a)?—b* >0, which yields
(a—b+c)la—b—c)
(b—ct+a)b—c—a)
(c—a+b)(c—a—1b)

bl

0
0,
0

(AVARAVARLV]

Multiplying them, we obtain
—(b+c—a)(c+a—0b)2(a+b—rc)? >0,

which shows that (b+c¢—a)(c+a—b)(a+b—c) is equal to 0. This proves the
result. |
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Exercise 4 (RMO 2005 P4, ). Find the number of all 5-digit numbers
(in base 10) each of which contains the block 15 and is divisible by 15. (For
example, 31545, 34155 are two such numbers.)

Solution 4. Note that any such number ends with 5 or 0, so is one of the follow-
ing types: abclb, abl150, ablbb, al500, al5b5, 15ab0, 15ab5. The 5-digit numbers
of the form abcl5 which are divisible by 5 are 10215,10515,10815,...,99915,
so there are 1+ £(999 — 102) = 300 such numbers. The 5-digit numbers of
the form ab150, divisible by 3 are 12150, 15150, 18150, ...,99150, so there are
1+ £(99 — 12) = 30 such numbers. Similarly, there are 1+ £(97 — 10) = 30
five digit numbers of the form ab150, divisible by 3. Also there are 30 numbers
of the each of the following forms: a15b0,a15b5. For the form 15ab0 (resp.
15ab5), we get 1 + 3(99 — 00) = 34 (resp. 1+ (97 — 01) = 33) numbers. So
there are exactly
30044 -30+ 344+ 33 =487

many 5-digit numbers which contain the block 15 and are divisible by 15. W

Exercise 5 (RMO 2005 P6, ¥ B). Determine all triples (a, b, c) of positive
integers such that a < b < ¢ and

a+b+c+ab+ bc+ ca = abe+ 1.

Solution 5. Let a, b, ¢ be integers satisfying the given conditions. Note that
the above equation can be rewritten as

(1+a)1+0)(1+c)=2(abc+1). (1)
Note that if the inequalities
25a>a+1,25b>b+1,25c>c+1

hold, then
(I+a)(1+0b)(1+c) <2abe < 2(abc+1)
holds, which is impossible. Also note that if @ > 4, then

PR 8 7
=25 425 1<+ -+1=4
T 2 1<t

holds, which implies that
25a>a+1,25b>b+1,25¢>c+ 1.

This proves that ¢ < 3. From Eq. (1), it follows that a # 1, and hence, «a is
equal to one of 2, 3.
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Also note that Eq. (1) does not hold if the inequalities

V2a-b>V1+ab+1),vV2a-¢c>VI+alc+1)

hold. Observe that if
7 ifa=2,
b >
“ |5 ifa=3,

holds, then we obtain

V3
——= <7 ifa=2
vVi+a _ 2_2\/3
V2a—+l1+a <5 ifa=3.
V6 —2

This shows that b < 6 if a = 2, and b < 4 if a = 3. Note that Eq. (1) is
equivalent to

(2ab— (14+a)(1+b)c=(1+a)(1+b)—2,
which gives
cb—3)=3b+1ifa=2,
c(b—2)=2b+1ifa=3.

It follows that if @ = 2, then b # 2 and b # 3, and if a = 3, then b # 4. This
shows that (a,b,c) is equal to one of

(27 4’ 13)’ (2’ 57 8)’ (3? 3? 7)'
Note that these triples satisfy Eq. (1). Consequently, the above triples are
precisely all the solutions. |
Remark. Note that Eq. (1) suggests to substitute
r=14a,y=14+bz=1+c¢,

which yields
zyz =2+ 2(— Dy —1)(z - 1),
which can be rewritten as
zyz + 2(x +y + 2) = 2(vy + yz + 27).

The above reduces to

2(x+y+z)+xy(§—2)+yz(§—2)+zw(%—2) =0,

which shows that < 5. Can one use the above to determine all the solutions?
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Exercise 6 (RMO 2005 P7,55 B). Let a,b, c be three positive real numbers
such that a +b+4+c=1. Let

A = min{a® 4 abe, b® + ab’c, ¢ + abc?}.

Prove that the roots of the equation 22 + = + 4\ = 0 are real.

Solution 6. We need to show that the discriminant of 2 +x-+4) is nonnegative,
that is, A < 1—16 holds. On the contrary, let us assume that \ > %6. This gives

1 1 1
3. .2 L3 2. + 3 2 L
a’® + a“bc > 16,b + ab“c > 16’C + abc” > 6
Note that
1
a® 4 a’bec = a*(a+bc) = a*(1 —b—c+ be) = a*(1 - b)(1 — ¢) > 6
holds. Similarly, it follows that

b’ (1—c)(1—a) > %6,62(1 —a)(1—-2b) > 1i6

This implies that
(abe(1 —a)(1—b)(1—¢)* > —

which is impossible since

D1 < Jel—0) <

| =

a(l—a) <

Consequently, we obtain A < %, and hence the roots of the equation 2% + x +

4)\ = 0 are real. |
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