RMO 2001

Exercise 1 (RMO 2001 P2,i¥ l). Find all primes p, ¢ such that p? + 7pq + ¢
is a perfect square.

Solution 1. Let p, ¢ be primes such that
p*+Tpg + ¢° =m® (1)

holds for some positive integer m. Note that m is congruent to one of ¢, —¢q
modulo p. Write m = kp £ g for some integer k. Substituting m = kp £ ¢ in
Eq. (1) yields

p(k? — 1) = (7 F 2K)q. @)

Let us consider the case that p > ¢. This gives m? > 9¢2, and hence we
obtain k > 1. This implies that k* — 1 is positive, and hence, so is 7 & 2k.
Using p > q, we get

k2 —1<7F2k,

which yields (k £+ 1)? < 9. Noting that k is positive, it follows that k & 1 is
equal to one of 0,1,2, and hence k is equal to one of 2, 3. Substituting k = 2
in Eq. (2) yields 3p = (7 F 4)q. Since p > ¢, we obtain 3p = 11¢q, which shows
that p = 11, ¢ = 3. Substituting £ = 3 in Eq. (2) yields 8p = (7 F 6)g, which
implies that 8p = ¢ or 8p = 13¢, which is impossible. It follows that any pair
of primes (p, q) such that p? + 7pq + ¢? is a perfect square and p > ¢ holds, is
equal to (11,3). Note that

112 4+7-11-3+32=121+231+9 = 361 = 192

holds. We conclude that (p,q) = (11, 3) is the only solution when p > q.
Since p? + Tpq + ¢? is symmetric in p, g, it follows that (p,q) = (3,11) is the
only solution when p < q.
Also note that if p = ¢, then p? + Tpg + ¢> = (3p)? is a perfect square. So
the solutions are are precisely (3,11), (11, 3), and the tuples of the form (r,r),
where r runs over the set of primes. |

Some style files, prepared by Evan Chen, have been adapted here. 1


https://olympiads.hbcse.tifr.res.in/olympiads/wp-content/uploads/2016/09/rmo2001.pdf
https://olympiads.hbcse.tifr.res.in/olympiads/wp-content/uploads/2016/09/rmo2001.pdf
https://artofproblemsolving.com/community/c6h58233p356504
https://artofproblemsolving.com/community/c4982_2001_india_regional_mathematical_olympiad
https://github.com/vEnhance/dotfiles/blob/main/texmf/tex/latex/evan/evan.sty
https://web.evanchen.cc/otis.html

https://jpsaha.github.io/MOTP/

Exercise 2 (RMO 2001 P3, ¥ B). Find the number of positive integers x
which satisfy the condition
r] [
5ol = [5ai)-

(Here [2] denotes, for any real z, the largest integer not exceeding z, eg, [I] = 1).

Solution 2. Let x be a positive integer satisfying the given equation. Note
that

T

99 101

holds. Indeed, if a, b are real numbers satisfying a — b > 1, then
a>b+1>[b+1,
which yields [a] > [b] + 1. It follows that

< 99 -101
x .
- 2

Note that we have the following increasing sequence of integers

0<99<101<2-99<2-101<3-99<3-101
<...
<49-99 <49-101 < 50-99 < 50 -101.

since n - 101 < (n + 1) - 99 holds for a positive integer n if n < %. Using
99101

=57 < 51-99, it follows that the positive integers satisfying the given equation
lie strictly between 0 and 50 - 101.
Note that the given equation has no solution in the intervals

[99,101), [2-99, 2-101), [3-99, 3-101), [4-99,4-101), . .., [49-99, 49-101), [50-99, 50-101).
Also note that any element of the intervals
[1,99),[101,2-99), [2-101, 3-99), [3-101,4-99), - - - , [48-101,49-99), [49-101, 50-99)

is a solution to the given equation.

Hence, the number of solutions of the given equation in positive integers is
equal to
98+ (2-99—101)+(3-99—2-101) +(4-99 — 3-101)

+--4+(49-99 — 48 -101) + (50 - 99 — 49 - 101)

=98-99+99(14+2+3+4+---+49+50) —101(1 +2+ 3+ -+ + 48 +49)
=—-1+99-25-51—-101-49-25
=—1+25(99-51 —99-49 — 2-49)
= 2499.
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Typos may be reported to jpsaha@iiserb.ac.in.

Exercise 3 (RMO 2001 P4, ¥ l). Consider an n x n array of numbers

aix a2 a3 ... Qip

a1 Gz2 23 ... Q2p

aszr az2 a3z ... a3p

anp1 QAp2 Ap3 ... dpn
Suppose each row consists of the n numbers 1,2,...,n in some order and
aj; = aj; fori=1,2,...,nand j = 1,2,...,n. If n is odd, prove that the
numbers a1, @22, a33, ..., 0ny, are 1,2,...,n in some order.

Solution 3. Let 1 < k£ < n be an integer. Since a;; is equal to aj; for all
1 <4, j < n, the number of occurences of k outside the diagonal is even. Since
k appears in each row exactly once, there are total n many k’s in this array.
So the number of occurences of k on the diagonal differs from n by an even
number. Since n is odd, it follows that k appears at least once on the diagonal,
which holds for all 1 < k < n. Hence, the numbers a1, a2, ass, ..., ady, are
equal to 1,2,...,n in some order. |

Exercise 4 (RMO 2001 P6, % B). If 2,3, 2 are the sides of a triangle, then
prove that
l2%(y — 2) + 92 (2 — 2) + 2%3(z — 9)| < zyz.
Solution 4. Note that
2?(y —2) +y*(z —a) + 2%(x — y)
= xzy — 2z + y2z — :vyz + 2%z — yz2
= (2? =2y +y°(z — 2) + za(z — 7)
= (z —2)(y* + 2z — y(z + )
=(-2)(y—2)(y—=).
Since
|22 (y — 2) + 2 (2 — ) + 22 (z — y)|, zyz
are symmetric in x,y, z, without loss of generality, we may (and do) assume
that x <y < z. Note that |(z — z)(y — 2)(y — z)| < zyz is immediate if any
two of x,y, z are equal. It remains to consider the case that z,y, z are distinct,

which we assume from now on. Let us use Ravi substitution, that is, let a, b, ¢
be real numbers satisfying

r=b+cy=c+a,z=a+b,

where a, b, c are positive by the triangle inequality. Using x < y < z, we obtain
a > b > c. Note that

(z—2)(y = 2)(y —2)| = (a = b)(b = ¢)(a —¢)
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< aba
<(a+c)(b+c)a+D)

= TYz,

where the first inequality follows since 0 < a—b < a,0 <b—c<b,0<a—c<c
holds. |

Exercise 5 (RMO 2001 P7,i¥ E). Prove that the product of the first 1000
positive even integers differs from the product of the first 1000 odd integers by
a multiple of 2001.

Solution 5. Note that

2.4-6-:1998 - 2000
—1:3-5---- 1997 - 1999
= (2001 — 1)(2001 — 3) - - - (2001 — 1997)(2001 — 1999)
— (2001 — 2)(2001 — 4) - - - (2001 — 1998)(2001 — 2000)

holds, which yields

2:4-6---1998-2000 —1-3-5---1997 - 1999
=1-3-5---1997-1999 —2-4-6---1998 - 2000 mod 2001.

It follows that
2(2-4-6---1998-2000 —1-3-5---1997 - 1999) = 0 mod 2001,
which implies that
2000(2-4-6---1998-2000 —1-3-5---1997 - 1999) = 0 mod 2001.
This shows that
2:4-6---1998-2000 —1-3-5---1997 - 1999 = 0 mod 2001,

completing the proof. |
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