RMO 1995

Exercise 1 (RMO 1995 P2, :’3’ Ed). Call a positive integer n good if there are
n integers, positive or negative, and not necessarily distinct, such that their
sum and products are both equal to n. Show that the integers of the form
4k 4+ 1 and 44 are good.

Solution 1. Note that 1 is good. Let k£ be a positive integer. Put
a1:---:ak=1, b1:'~-:bk=—1.
Noting that

dk+1=(4k+1)+2(a1 + - +ag) +2(by + -+ + by),

k 2
Ak +1 = (4k + 1) (H aibi> 7
i=1

it follows that 4k + 1 is good. Also note that for a positive integer ¢, 4¢ is equal
to the sum, and also equal to the product, of 2,2,¢ and 4/ — 2 — 2 — { many
1’s, and hence, 4/ is good. |

Exercise 2 (RMO 1995 P3,i5¥ B, cf. Tournament of Towns). [Tao06, Problem
2.1] Prove that among any 18 consecutive three digit numbers there is at least
one number which is divisible by the sum of its digits.

Walkthrough —
(a) Show that one among any such consecutive integers is divisible by 18.

(b) Prove that its sum of digits, is a multiple of 9, and conclude that it is
equal to one of 9,18, 27.

(c) Show that the sum of its digits is not 27.

Solution 2. Note that among 18 consecutive three digit numbers, there is an
integer divisible by 18. Denote it by n = 100a + 10b + ¢ with a, b, ¢ denoting
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integers lying between 0 and 9. It follows that 9 divides n, and hence 9 divides
a + b+ c¢. This shows that a + b 4 ¢ is equal to one of 9,18,27. Note that
a+ b+ c = 27 holds only if n = 999. Since 18 divides n, it follows that
a+ b+ c# 27, and hence, a + b+ ¢ is equal to one of 9,18. This proves that
a + b+ c divides n. ]
Exercise 3 (RMO 1995 P4, i ). Show that the quadratic equation x2 +
Tz — 14(¢? + 1) = 0, where ¢ is an integer, has no integer root.

Solution 3. It suffices to show that the discriminant of the polynomial =2 +
7z — 14(¢% + 1) is not a perfect square, that is, the integer 49 + 56(¢% + 1) is
not perfect square.

Let us assume that 49 4+ 56(g? + 1) is perfect square. Note that it is divisible
by 7. So it is divisible by 49. Hence, ¢> +1 is divisible by 7, which is impossible
since 7 = 3 mod 4. Alternatively, note that

?+1=1,2,53mod 7

if g =0,41,42,4+3 mod 7, and thus ¢? + 1 is not divisible by 7. This shows
that the discriminant of 22 + 7x — 14(¢? + 1) is not a perfect square. So this
polynomial has no integer root. |

Exercise 4 (RMO 1995 P5, ¥ l). Show that for any triangle ABC, the
following inequality is true:

a® +b% 4 & > V3max{|a® — b?|, |b? — |, |® — a?|}.

Solution 4. Since the above inequality is symmetric with respect to a, b, c,
without loss of generality, we assume that a > b > ¢. Thus we need to show
that

a® + 02+ > V3(a? - )

holds. Using the triangle inequality, we obtain b > a — ¢ > 0. This yields

a2+ 4+ V3 - >d?+(a—c)+ 2 —V3(a® - )
—2(a® + & — ca) — V3(d® — &)
:(2—\/§)a + (24+V3)? — 2ca
= (2 —V3)(a® — 2ac(2 + V3) + (2 + V3)?)
=(2-V3)(a—(2+V3)e)’
0.

v

This completes the proof. |
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Typos may be reported to jpsaha@iiserb.ac.in.

Exercise 5 (RMO 1995 P6:’2' Bd). Suppose A As--- Ay is a 21-sided regular
polygon inscribed in a circle with centre O. How many triangles A;A;Ay,
1 <4 < j <k <21, contain the centre point O in their interior?

Solution 5. We first count the number of triangles with A; as one of the
vertices. Suppose A1 A;A; is a triangle with O in its interior. Note that both of
1,7 cannot be > 11. Renaming the vertices if necessary, assume that 2 < ¢ < 11.
Let T’ denote the circumcircle of the polygon, and let A’ (vesp. A}) denote the
diametrically opposite point of A (resp. A}). Then A; has to lie in the small
arc A’ A!. Note that there are (i — 1) vertices of the 21-sided regular polygon
that lie within the small arc A’A}. So there are

C-1)+@B-1)+-4+(11-1)=142+---+10=55

triangles containing O in their interior and passing through A;. Hence the total
number of triangles satisfying the required condition is equal to % X 5 x 21 =
385. |

Exercise 6 (RMO 1995 P7,i¥ E). Show that for any real number z:

1
2?sinz + zcosz + 22+ = > 0.

Solution 6. When 1 + sinz # 0, we have

. 1
xzsmx—l—xcosx—i—xQ—i—f

2
1
:(1+sinac)x2+accosx—|—§
(1+sinz) N COS & 2+1 cos? z
= sinz) |2+ —0——— -
2(1 +sinz) 2 4(1+sinx)

:(1+sinx)<x—|— cosx ))2 2 4+ 2sinx — cos? x

2(1+sinz 4(1 + sinx)
2 .
. cos T (1 +sinz)?
=(1 > 0.
(1+sinz) (x+2(1+sinx)) L
If sinxz = —1, then z%sinx + xcosz + 22 + % is equal to % and hence it is
positive. This completes the proof. |
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