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Suggested readings

• Evan Chen’s

– advice On reading solutions, available at https://blog.evanchen.
cc/2017/03/06/on-reading-solutions/.

– Advice for writing proofs/Remarks on English, available at https:
//web.evanchen.cc/handouts/english/english.pdf.

• Evan Chen discusses why math olympiads are a valuable experience for
high schoolers in the post on Lessons from math olympiads, available at
https://blog.evanchen.cc/2018/01/05/lessons-from-math-olympiads/.

Example 1 (cf. Australian Mathematics Competition 1984). Suppose

x1, x2, x3, x4, . . .

is a sequence of integers satisfying the following properties:

(1) x2 = 2,

(2) xmn = xmxn for all positive integers m,n,

(3) xm < xn for any positive integers m,n with m < n.

Find x2024.

Summary — Observe that x2n = 2n for any n ≥ 1. Combining this with
the hypothesis that {xn}n≥1 is an increasing sequence of positive integers,
conclude that xn = n for any n ≥ 1.

Walkthrough —

(a) What can be said about x4, x8, x16, x32?

(b) Note that x4 = x2×2, x8 = x4×2, x16 = x8×2, x32 = x16×2.

(c) Can one show that x2n = 2n for any n ≥ 1?

(d) Show that xm = m for any m ≥ 1 (does property (3) help?).

Solution 1. From the second condition, we obtain

x2n = xn
2

for any integer n ≥ 1. Using the first condition, it gives

x2n = 2n

for any integer n ≥ 1. Since {xn}n≥1 is an increasing sequence of positive
integers, it follows that xn = n for any positive integer n. This gives

x2024 = 2024.

■

Some style files, prepared by Evan Chen, have been adapted here. 1
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