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Suggested readings

• Evan Chen’s

– advice On reading solutions, available at https://blog.evanchen.
cc/2017/03/06/on-reading-solutions/.

– Advice for writing proofs/Remarks on English, available at https:
//web.evanchen.cc/handouts/english/english.pdf.

• Evan Chen discusses why math olympiads are a valuable experience for
high schoolers in the post on Lessons from math olympiads, available at
https://blog.evanchen.cc/2018/01/05/lessons-from-math-olympiads/.

Example 1. Show that the positive integers of the form 4n+ 3, that is, the
integers

3, 7, 11, 15, 19, . . .

cannot be written as the sum of two perfect squares.

Summary — Show that the squares leave a remainder of 0 or 1 upon division
by 4. Conclude that a sum of two squares leaves a remainder of 0, 1, 2 upon
division by 4.

Walkthrough —

(a) Consider the integers

02 + 12, 02 + 22, 02 + 32, 02 + 42, . . . ,

12 + 12, 12 + 22, 12 + 32, 12 + 42, . . . ,

22 + 12, 22 + 22, 22 + 32, 22 + 42, . . . ,

32 + 12, 32 + 22, 32 + 32, 32 + 42, . . . ,

42 + 12, 42 + 22, 42 + 32, 42 + 42, . . . .

(b) Observe that upon division by 4, they leave the integers 0, 1, 2 as remain-
ders.

02 + 12 ⇝ 1, 02 + 22 ⇝ 0, 02 + 32 ⇝ 1, 02 + 42 ⇝ 0, . . . ,

12 + 12 ⇝ 2, 12 + 22 ⇝ 1, 12 + 32 ⇝ 2, 12 + 42 ⇝ 1, . . . ,

22 + 12 ⇝ 1, 22 + 22 ⇝ 0, 22 + 32 ⇝ 1, 22 + 42 ⇝ 0, . . . ,

32 + 12 ⇝ 2, 32 + 22 ⇝ 1, 32 + 32 ⇝ 2, 32 + 42 ⇝ 1, . . . ,

42 + 12 ⇝ 1, 42 + 22 ⇝ 0, 42 + 32 ⇝ 1, 42 + 42 ⇝ 0, . . . .

(c) Show that it is always the case, namely, upon division by 4, the sum of
two perfect squares leaves one of 0, 1, 2 as the remainder.

Some style files, prepared by Evan Chen, have been adapted here. 1
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(d) Conclude that no integer, which leaves the remainder of 3 upon division
by 4, can be written as the sum of two squares.

Solution 1. The solution relies on the following claim.

Claim — For any integer x, the integer x2 leaves a remainder of 0 or 1
upon division by 4.

Proof of the claim. Let x be an integer. Let us consider the following cases.

1. Upon division by 4, x leaves a remainder of 0.

2. Upon division by 4, x leaves a remainder of 1.

3. Upon division by 4, x leaves a remainder of 2.

4. Upon division by 4, x leaves a remainder of 3.

In the first case, x is a multiple of 4, and hence x2 leaves a remainder of 0
upon division by 4. Similarly, in the third case, x is a multiple1 of 2, i.e. x is
equal to 2k, and hence x2 is a multiple of 4.
In the second case, x is equal to 4k + 1 for some integer k. Note that

x2 = (4k + 1)2

= (4k)2 + 2 · 4k + 1

= 4(4k2 + 2k) + 1,

and hence x2 leaves a remainder of 1 upon division by 4.
In the fourth case, x is equal to 4k + 3 for some integer k. Note that

x2 = (4k + 3)2

= (4k)2 + 2 · 4k · 3 + 9

= 4(4k2 + 6k + 2) + 1,

and hence x2 leaves a remainder of 1 upon division by 4.
This proves the claim.

Using the claim, it follows that a sum of two squares leaves one of 0, 1, 2 as
a remainder upon division by 4. Hence, no integer of the form 4n+ 3 can be
expressed as a sum of two perfect squares. ■

1Is it clear?

10 The material posted here and at this blog by Evan Chen are quite useful.
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