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Suggested readings

• Evan Chen’s advice On reading solutions, available at https://blog.

evanchen.cc/2017/03/06/on-reading-solutions/.

• Evan Chen’s Advice for writing proofs/Remarks on English, available at
https://web.evanchen.cc/handouts/english/english.pdf.

• Notes on proofs by Evan Chen from OTIS Excerpts [Che25, Chapter 1].

• Tips for writing up solutions by Edward Barbeau, available at https:
//www.math.utoronto.ca/barbeau/writingup.pdf.

• Evan Chen discusses why math olympiads are a valuable experience for
high schoolers in the post on Lessons from math olympiads, available at
https://blog.evanchen.cc/2018/01/05/lessons-from-math-olympiads/.
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§1 Counting in two different ways

See [AF13, §7], [AE11, §3.3].

Example 1.1. Find the sum of all distinct four digit numbers that can be
formed using the digits 1, 2, 3, 4, 5, each digit appearing at most once.

Solution 1. Let a, b, c, d be four distinct elements of {1, 2, 3, 4, 5, 6, 7, 8, 9}.
Then among the four digit numbers that can be formed using a, b, c, d with no
repeated digits, there are exactly six numbers with i in its j’s place for any
i ∈ {a, b, c, d}, j ∈ {1, 10, 100, 1000}. So the sum of such numbers is equal to
(a+ b+ c+ d)× (6 + 60 + 600 + 6000) = 6666(a+ b+ c+ d). This shows that
the required sum is equal to∑

{a,b,c,d}⊆{1,2,...,9}

6666(a+ b+ c+ d).

Note that

∑
A⊆{1,2,...,9}

|A|=4

∑
a∈A

a =

9∑
a=1

∑
A⊆{1,2,...,9}
|A|=4,a∈A

a

=

9∑
a=1

(
8

3

)
a

= 45×
(
8

3

)
= 25200.

Hence, the required sum is equal to

6666× 25200.

■
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Example 1.2 (India BStat-BMath 2014). A class has 100 students. Let ai,
1 ≤ i ≤ 100, denote the number of friends the i-th student has in the class. For
each 0 ≤ j ≤ 99, let cj denote the number of students having at least j friends.
Show that

a1 + a2 + · · ·+ a100 = c1 + c2 + · · ·+ c99.

Solution 2. For 1 ≤ i ≤ 100, denote the i-th student by si. For 1 ≤ j ≤ 99,
let Cj denote the set of students having at least j friends. Note that for any
1 ≤ i ≤ 100,

ai =

99∑
j=1

1Cj (si)

holds, where for 1 ≤ j ≤ 99, 1Cj
denotes the map, defined on {s1, s2, . . . , s100},

given by

1Cj (si) =

{
1 if si lies in Cj ,

0 otherwise.

Summing over 1 ≤ i ≤ 100, and interchanging the order of summation, we
obtain

a1 + a2 + · · ·+ a100 =

99∑
j=1

100∑
i=1

1Cj
(si)

=

99∑
j=1

|{si | si ∈ Cj}|

=

99∑
j=1

cj .

This completes the proof. ■

Remark 1. The following is somewhat naive, and does require additional
explanation to be included (at which step(s)?). The following explains (with
some effort from readers’ end, of course!) why the stated result should hold,
and it may also help to arrive at the above solution. However, the following
lacks some details.

Some style files, prepared by Evan Chen, have been adapted here. 3
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Walkthrough —

c1 bullets c2 bullets c3 bullets · · · cj bullets · · ·
↓ ↓ ↓ · · · ↓ · · ·

s1 • • • · · · • · · · ← a1 bullets
s2 • • • · · · • · · · ← a2 bullets
s3 • • • · · · • · · · ← a3 bullets
...

...
...

...
. . .

...
. . .

...
si • • • · · · • · · · ← ai bullets
...

...
...

...
. . .

...
. . .

...
s100 • • • · · · • · · · ← a100 bullets

Denote the students by s1, s2, . . . , s100 and write s1, s2, . . . , s100 in a vertical
column. Then for each 1 ≤ i ≤ 100, put ai bullets next to si (as shown above).
Then the sum a1+ · · ·+a100 is equal to the total number of bullets. It turns out
that the number of bullets in the j-th column is equal to cj for any 1 ≤ j ≤ 99,
proving that the total number of bullets is also equal to c1 + c2 + c3 + · · ·+ c99.

Example 1.3 (India RMO 2019a P6). Suppose 91 distinct positive integers
greater than 1 are given such that there are at least 456 pairs among them
which are relatively prime. Show that one can find four integers a, b, c, d among
them such that gcd(a, b) = gcd(b, c) = gcd(c, d) = gcd(d, a) = 1.

Solution 3. Denote the chosen 91 integers by n1, . . . , n91. For 1 ≤ i ≤ 91, let
di denote the number of integers among them which are relatively prime with
ni. Consider the triples (a, b, c) where a, b, c run over the chosen 91 integers,
and satisfy gcd(a, b) = gcd(a, c) = 1. Counting these triples along their first
entry, it follows that the number of such triples is(

d1
2

)
+ · · ·+

(
d91
2

)
.

If the statement to be proved is false, then the given any two distinct integers
b, c among them, it can be completed to at most one such triple (a, b, c). This
shows that (

d1
2

)
+ · · ·+

(
d91
2

)
≤

(
91

2

)
,

which implies that(
91

2

)
≥ 1

2

(
d21 + · · ·+ d291 − d1 − · · · − d91

)
=

1

2

(
d21 + · · ·+ d291 − 2 · 456

)
≥ 1

2

(
(d1 + · · ·+ d91)

2

91
− 912

)
(using the Cauchy–Schwartz inequality)

4 The content posted here and at this blog by Evan Chen are quite useful.
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=
1

2

(
(2 · 456)2

91
− 912

)
= 456 · 9,

and this yields 910 > 912, which is impossible. This completes the proof. ■

Example 1.4 (India TST 2001?). [Sri14, Chapter 6, Example 9] Let G be a
graph on n vertices, having e edges, and no 4-cycles. Show that

e ≤ n

4
(1 +

√
4n− 3).

Summary — A similar counting as above yields(
n

2

)
≥ 1

2

(
(2e)2

n
− 2e

)
,

which implies the above bound.

Example 1.5 (IMOSL 1995 N5). At a meeting of 12k people, each person
exchanges greetings with exactly 3k+6 others. For any two people, the number
who exchange greetings with both is the same. How many people are at the
meeting?

Solution 4. Let λ denote the integer such that for any two people, precisely λ
persons exchange greetings with them. Counting the number of triples of the
form (a, b, c) where a exchanges greetings with b and c, we obtain

12k

(
3k + 6

2

)
= λ

(
12k

2

)
,

which yields

λ =
(3k + 5)(3k + 6)

12k − 1

=
1

4

36k2 + 132k + 120

12k − 1

=
1

4

(
3k + 11 +

3k + 131

12k − 1

)
=

3k + 11

4
+

1

16

(
1 +

525

12k − 1

)
.

This shows that 12k−1 divides 525 and the quotient 525/(12k−1) is congruent
to 3 modulo 4, that is, for some integer ℓ ≥ 0, we have

525 = (12k − 1)(4ℓ+ 3).

Some style files, prepared by Evan Chen, have been adapted here. 5
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Noting that 525 = 3 · 52 · 7, it follows that one of 12k − 1, 4ℓ+ 3 is a multiple
of 3 and the other one is a multiple of 7. This shows that 12k − 1 is equal to
one of

3, 15, 45, 7, 35, 105,

and hence 12k − 1 = 36, which gives k = 3. It follows that there are 36 people
at the meeting. ■

Example 1.6 (India RMO 2023a P4). The set X of N four-digit numbers
formed from the digits 1, 2, 3, 4, 5, 6, 7, 8 satisfies the following condition: for
any two different digits from 1, 2, 3, 4, 5, 6, 7, 8, there exists a number in X which
contains both of them. Determine the smallest possible value of N .

Solution 5. Note that the following set of four-digit numbers satisfy the
required condition.

{1234, 5678, 1256, 3478, 1278, 3456}

This shows that the smallest possible value of N is at most 6.
Let X be a set of N four-digit numbers satisfying the given condition. Note

that for any integer 1 ≤ i ≤ 8, two four-digit numbers containing i as a digit,
together contains at most 7 distinct elements of {1, 2, . . . , 8} as digits. Hence,
for any 1 ≤ i ≤ 8, there are at least three elements in X which contain i as a
digit. Counting the number of pairs of the form (i, x), where 1 ≤ i ≤ 8 and x
is an element of X containing i as a digit, we obtain

4N ≥ 8 · 3,

which yields N ≥ 6.
This proves that the smallest possible value of N is 6. ■

Remark. Is it helpful to count the pairs of the form ({i, j}, x) where 1 ≤ i <
j ≤ 8 and x is an element of X containing i, j as digits?
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