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Suggested readings

Evan Chen’s advice On reading solutions, available at https://blog.
evanchen.cc/2017/03/06/on-reading-solutions/.

Evan Chen’s Advice for writing proofs/Remarks on English, available at
https://web.evanchen.cc/handouts/english/english.pdf.

Notes on proofs by Evan Chen from OTIS Excerpts [Che25, Chapter 1].

Tips for writing up solutions by Edward Barbeau, available at https:
//www.math.utoronto.ca/barbeau/writingup.pdf.

Evan Chen discusses why math olympiads are a valuable experience for
high schoolers in the post on Lessons from math olympiads, available at
https://blog.evanchen.cc/2018/01/05/1lessons-from-math-olympiads/.
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Figure 1: India RMO 2004, Example 1.1
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§1 Counting the complement

Example 1.1 (India RMO 2004 P4). Prove that the number of triples (4, B, C)
where A, B, C' are subsets of {1,2,...,n} such that ANBNC =0, ANB # 0,
BNC #@is 7 —2-6™+5".

Walkthrough — Establish a convenient bijection between the triples of
subsets of {1,2,...,n}, and the maps from {1,2,...,n} to {1,2,...,8}. (Hint:
Use Venn diagram.) Use this bijection to count the number of triples satisfying
the given conditions.

Solution 1. Note that the triples (A, B, C) of subsets of {1,2,...,n} are in one-
to-one correspondense with the maps from {1,2,...,n} to {1,2,...,8}. One
such correspondense is given by sending (A, B, C') to the map f : {1,2,...,n} —
{1,2,...,8}, which takes the values 1,2,...,8 at the following subsets

A\ (BUC),B\(CUA),C\ (AUB),
(ANB)\(ANBNC),(BNC)\(ANBNC),(CNnA\(ANBNCOC),
{1,2,...,n}\ (AUBUCQC),

of {1,2,...,n} respectively. Hence, the number of triples (A, B, C) satisfying
the given conditions is equal to the number of maps f : {1,2,...,n} —
{1,2,...,8}, satisfying

STHT) =0, F714) #£0,771(5) #0.
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Let F denote the set of maps f: {1,2,...,n} — {1,2,...,8}. Applying the
inclusion-exclusion principle, we obtain

HfeFIFTH M) =071 4) #0,f7(5) # 03
= ]({f EFIFHMN =0, @ =0u{feF|fHT)=0,F7"(5)=0})°
={feFlf (1 =0}

|
I eFIFH M =0,71(4) =0}
~HfeFIfH M =0,f7(5) =0}
HHfeFIFHD =0,71(4) =0,f71(5) = 0}
= 7" 26"+ 5",

where in the above, for a subset £ of F, the complement of £ in F is denoted
by £¢. This completes the proof. |

Example 1.2 (India RMO 2009 P4). Find the sum of all 3-digit natural
numbers which contain at least one odd digit and at least one even digit.

Walkthrough —
(a) Note that the 3-digit natural numbers containing at least one odd digit,
and at least one even digit, form the set S\ (F U O), where
S = the set of 3-digit integers,
E = the set of 3-digit numbers having even digits only,
O = the set of 3-digit numbers having odd digits only.

(b) Apply the inclusion-exclusion principle.

Solution 2. Let E (resp. O) denote the set of 3-digit numbers having even
(resp. odd) digits only. Denote by S the set of 3-digit integers. Note that the
3-digit numbers with at least one even digit and at least one odd digit form
the set S\ (E'UO). By the inclusion-exclusion principle, the size of the set

S\ (EUO,) is equal to
POEEDIEEDBET

ses zelE yeOo
Note that
D s =10+101+ - 4999 = 1099 - 450.
seS
Observe that there are 53 elements on O. Moreover, for any 1 < k < 3 and
for any d € {1,3,5,7,9}, there are 52 elements of O that contain d in the k-th
digit. It follows that

> y=100-5"(1+3+5+7+9)+10-5°(1+3+5+7+9)
yeO

Some style files, prepared by Evan Chen, have been adapted here. 3
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+52(1+3+5+7+9)
=111-25-25.

Similarly, there are 53 integers of the form 100a + 10b + ¢ with a,b,c €
{0,2,4,6,8}, and their sum is equal to

100-5*(0+2+4+6+8)+10-5*(0+2+4+6+8)+5*(0+2+4+6+38)
=111-25-20.

Note that there are 52 integers of the form 100+ ¢ with b, ¢ € {0,2,4, 6,8}, and
their sum is equal to

10-5(0+2+4+6+8)+50+2+4+6+8)=11-5-20.
This shows that

Zx:111-25-20—11~5-20:54400.
xeFR

It follows that

ds=> w— ) y=1099-450 — 111 - 25 - 25 — 54400

seS el yeO
= 495000 — 450 — 62500 — 6250 — 625 — 54400
— 495000 — 450 — 123775
— 370775.
n
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4 The content posted here and at this blog by Evan Chen are quite useful.
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