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§1 Quadratic polynomials

Example 1.1 (Hungary MO 2001/02, Grades 11 and 12 — technical schools,
P2). Consider the following 2000 equations:

12°+2-20+3=0
262 +2-324+44=0
322 +2-42+5=0

2000x2 + 2 - 2001z + 2002 = 0.

For each equation, consider the product of the sum of the real roots and the
sum of their reciprocals (if it exists). What is the product of these products?

Solution 1. Note that a quadratic polynomial with nonzero constant term
has nonzero roots, and hence the reciprocals of its roots exist. Moreover, if
a, B denote the roots of a quadratic polynomial az? + bz + ¢ with ac # 0, then
1/, 1/B are the roots of quadratic polynomial cz? + bz + a. Note that

Since

b1 1 b
atf=———+=—-
a a f c

(2(n+1))* —4n(n+2) = 4n> + 8n+4 —4n* —8n =4 > 0,
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it follows that the given 2000 equations have real roots. The product of the
products considered is equal to

22.92 92.32 92.42 22.52 22.2000? 22.20012
X X X X - X X
1-3 2.4 3.5 4.6 1999 - 2001 ~ 2000 - 2002
430009232, 20012 1

T 1.2 32.42....20002 2001 - 2002
42000 . 22 . 20012

= 1.2-2001 - 2002

_ 2001 + 94000
1001 ’

Example 1.2 (Canada CMO 1971 P4). Determine all real numbers a such
that the two polynomials 22 4+ ax + 1 and 22 4+ x + a have at least one root in
common.

Solution 2. Let a be a real nuber such that the two polynomials 2 + ax + 1
and 22 + 2 + a have at least one root in common. Let o denote a common root
of these polynomials. The equations

+aa+1=0,>+a+a=0

yield
(a—la=a-1

If a # 1, then @ = 1 and hence a = —2. This proves that a =1, —2.
If a = 1, then the given polynomials have at least one root in common. If

a = —2, then the given polynomials vanish at 1.
We conclude that a = 1, —2 are precisely all the real numbers such that the
given polynomials have at least one common root. |

Example 1.3 (India RMO 2003 P6). Find all real numbers a for which the
equation
22+ (a—2)z + 1 = 3|z

has exactly three distinct real solutions for x.

Solution 3. Let a be a real number such that 22 + (a — 2)z + 1 = 3|z| has
exactly three distinct real solutions. Note that the equation

(2 +(a—2)z+1—3x)(2* + (a —2)x + 1+ 32) =0

also has exactly three distinct real solutions. It follows that the discriminant
of one of the polynomials 22 + (a — 2)x + 1 — 3z, 22 + (a — 2)z + 1 + 3z
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vanishes, and the discriminant of the other is positive. The discriminants of
these polynomials are

(a—5)* —4=a*—10a + 21

=(a—=3)(a—7),
(a+1)?—4=0a’+2a—3
=(a+3)(a—1)

respectively. It follows that a does not belong to (—oo, —3) U (—3,1) U (1,3) U
(3,7) U (7,00), or equivalently, a belongs to {—3,1,3,7}.

Let us determine whether the given equation has three distinct real roots
if a lies in {—3,1,3,7}. Let us assume that a lies in {—3,1,3,7}. Note that
then one of (a — 3)(a — 7), (a + 3)(a — 1) vanishes and another is positive, and
consequently, one of the polynomials

2?2+ (a—2)z+1-3z,2° 4+ (a —2)x + 1+ 32

have distinct real roots, and the other has a double root, which is a real number.
Observe that if 22 + (a — 2)z + 1 — 3z has a double root, then that root is
equal to 7“2;5. Note that

2

-5 -5 1

<a2 ) —(a+1) <a2>+1:4(a2—10a+25—2a2+8a+10+4)
1

=—(-a*—2a+39),

>~

which has a negative discriminant. This shows that if 22 + (a — 2)z + 1 — 3z
has a real double root, then that cannot be a zero of 22 + (a — 2)z + 1 + 3x.
Also note that

2
a+1 a+1
—(a— 1 =
( 5 ) (a —5) 5 +

i(a2+2a+1—2a2+8a+10+4)
:i(—a2+10a+15),

whose roots are not integers. Using that a is an integer, it follows that if
2% + (a — 2)x + 1 + 3z has a real double root, then that cannot be a root of
22+ (a — 2)z + 1 — 3z. We conclude that if a lies in {—3,1,3, 7}, then

(22 4+ (a—2)x+1-32)(2*+ (a—2)z+1+32) =0
has exactly three distinct real solutions, or equivalently, the equation
22+ (a—2)z + 1 = 3|z

has exactly three distinct real solutions for x.
So the required real numbers are a = —3,1, 3, 7. |

4 The content posted here and at this blog by Evan Chen are quite useful.
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Example 1.4 (All-Russian MO 2007 Grade 8 P1). If a, b, ¢ are real numbers,
show that at least one of the equations

22+ (a—b)x+(b—c)=0,
22+ (b—c)z+ (c—a) =0,
2 +(c—a)r+(a—b)=0

has a real solution.

Solution 4. The sum of the discriminants of the above quadratic polynomials
is

(a—b)2—=40b—c)+ (b—c)> —4(c—a)+ (c—a)* —4(a — D)
=(a=b)"+ (=0 +(c—a),

which is positive if not all of a, b, c are equal. Consequently, if not all of the three
real numbers a, b, ¢ are equal, then at least one of the quadratic polynomials

2+ (a—bx+(b-c)2’+ (b—c)x+ (c—a),z* + (c—a)x + (a —b)

has positive discriminant, and hence admits real solutions. Moreover, if all of
a, b, c are equal, at least one (in fact, all) of the above polynomials admits a
real root. ]

Example 1.5 (India RMO 2007 P3). Find all pairs (a,b) of real numbers
such that whenever a is a root of x2 +ax +b =0, o? — 2 is also a root of the
equation.

Solution 5. Let a, b be real numbers such that for any root « of 2 +ax+b =0,
a? — 2 is also a root. Denote the roots of 2 + ax + b by «, 3. There are the
following possibilities.

a?—-2=p5%2-2=5.
If @ = S, then these four cases are equivalent to
a?—2=p2-2=0a=4,
which shows that « is equal to 2 or —1, and hence (a,b) is equal to (—4,4) or

(2,1).
It remains to consider the case that a # 3, which we assume from now on.
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In Case (1), a, B satisfy the equation X2 — X —2 = 0. So (a, 3) is equal to
(2,—1) or (—1,2), and hence (a,b) is equal to (—1, —2).

In Case (2), we have a? — 32 = 8 — a, which gives a + 8 = —1 (since a # 3).
So

=1

N |
N W

0B = S(a+B) — 5(a? + 5% = S(a+ B — S(a+p+4) =

This shows that a, 3 are roots of the quadratic polynomial z2 4+ = — 1, and
hence, (a,b) is equal to (1, —1).

In Case (3), note that « is equal to 2 or —1. Using 2 = 2+ « and a # f3, it
follows that («, 8) is equal to (2,—2) or (—1,1), and hence (a,b) is equal to
(0,—4) or (0,—1).

Similarly, in Case (4), (a, 8) is equal to (—2,2) or (—1,1), which shows (a, b)
is equal to (0, —4) or (0,—1).

So (a,b) is equal to one of (—4,4),(2,1),(-1,-2),(1,-1),(0,—4), (0, —1).

Moreover, if (a,b) is equal to any of these six pairs, then it can be checked
that for any root a of 22 + ax + b = 0, o — 2 is also a root.

We conclude that all the required pairs are (—4,4), (2,1), (-1,-2), (1,-1),
(0,—4), (0, —1). [ |

Example 1.6 (India RMO 2010 P2). Let
Py(z) = ax® — bx — ¢, Py(z) = ba® — cx — a, Ps(x) = ca® —ax — b

be three quadratic polynomials where a, b, ¢ are nonzero real numbers. Suppose
there exists a real number « such that Pj(a) = Pe(a) = Ps(a). Prove that
a=b=c

Solution 6. Since Pj(«a), P>(a) are equal, we get
(a—b)a? = (b—c)a+ (c—a),

which gives
(a—b)(a®+1)=(b—c)(a—1).

Similarly, using Ps(a)) = P3(«), we obtain
(b—c)(a®+1)=(c—a)(a—1).

If a = 1, then it follows that a = b = ¢. Henceforth, let us assume that a # 1.
Then the above yields

(a—b)(c—a)=(b—c)?
Using a similar argument as above, it follows that

(b——c)(a—0b)=(c—a)? (c—a)b—c)=(a—0b)>

6 The content posted here and at this blog by Evan Chen are quite useful.
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Adding these equations, we obtain
a2 +b% + ¢ = ab + be + ca.

Since a, b, ¢ are real, it follows that a = b = ¢. This completes the proof. W

Example 1.7 (India RMO 2012f P1). Find nonzero real numbers a, b such
that 22 + ax + b, 22 + = + ab, ax® + = + b are three distinct polynomials with a
common root.

Solution 7. Let a, b be real numbers such that 22 +az+b, 2> +z+ab, az?+x+b
are three distinct polynomials with a common root o € C. We obtain

A +ar+b=o’+a+ab=ac’+a+b=0,
which gives aa +b = a + ab, that is, (a — 1)(a — b) = 0. Since z? + az + b, 2% +
x + ab, az?® + = + b are distinct, it follows that a # 1. This shows that o = b.
Since the polynomials 22 + = + ab, az? + x + b vanish at * = a = b, we obtain

bla+b+1)=blab+2) =0.

Using b is nonzero, we get a+b+1=ab+2 = 0. Note that 1 +ab—a—b=0.
Since a # 1, we obtain b = 1, which combined with ab + 2 = 0 implies that
a=—2.

Also note that for a = —2,b = 1, the given polynomials are equal to

22 =2+ 1,22+ -2, —222 +x+1,
which are all distinct and they vanish at x = 1.

We conclude that precisely for (a,b) = (—2,1), the given polynomials are all
distinct and have a common root. |

Example 1.8 (India RMO 2015d P2). Let P(z) = 22 + ax + b be a quadratic
polynomial with real coefficients. Suppose there are real numbers s is not equal
to t such that P(s) =t and P(t) = s. Prove that b— st is a root of the equation
224+ ax+b—st=0.

Solution 8. We have
sS?4+as+b=tt>+at+b=s.

Taking their difference, we obtain (s — ¢)(s + ¢ + a + 1) = 0, which gives
s+t+a+1=0since s # t. Using the above, we obtain

s(s* +as+b) —t(t* +at +b) =0,

Some style files, prepared by Evan Chen, have been adapted here. 7
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or equivalently,
(s—t)(b+a(s+t)+s*+st+t*)=0.
Combining the above with s +t+a+ 1 =0 and s # t, we obtain

b—(s+t)—st=0.

Note that
(b—st)? +a(b—st)+b—st=(b—st)(b—st+a+1)
=(b—-st)(s+t+a+1)
=0.
This completes the proof. |

Example 1.9 (India RMO 2015a P2). Let P(x) = 2% + ax + b be a quadratic
polynomial where a, b are real numbers. Suppose (P(—1)2, P(0)?, P(1)?) is an
AP of positive integers. Prove that a,b are integers.

Solution 9. Note that P(—1)2, P(0)2, P(1)? are equal to
1+ a?+b%—2a+2b—2ab,b*,1 + a® +b% + 2a + 2b+ 2ab
respectively. Since they form an arithmetic progression, we obtain
1+a®+ b —2a+2b—2ab+ 14 a® 4+ b* 4 2a + 2b + 2ab = 202,
or equivalently, a? +2b+ 1 = 0. It follows that
b* — 2a — 2ab, b*,b* + 2a + 2ab
form an arithmetic progression of positive integers. Note that
(2a + 2ab)? = 4a*(b+1)?
= —4(2b+1)(b+ 1)

= —4(26 +5b* +4b + 1)
= —4((2b* + 4)b + 5b* + 1).

Since b? is an integer, it follows that b is rational number. Since b is rational
and b? is an integer, it follows that b is an integer. Using a? +2b+ 1 = 0, it
follows that a? is an integer. Moreover, if b = —1, then a is an integer. If
b # —1, then using that 2a + 2ab is an integer, we obtain « is rational. Since
a? is an integer and a is rational, it follows that a is an integer. This completes

the proof. [

8 The content posted here and at this blog by Evan Chen are quite useful.
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Example 1.10 (India RMO 2015b P2). Let P(z) = 22 + ax + b be a quadratic
polynomial where a is real and b # 2, is rational. Suppose P(0)%, P(1)2, P(2)?
are integers, prove that a and b are integers.

Solution 10. Since b is rational and P(0)? = b? is an integer, it follows that b
is an integer. Note that

P(1)*>=(1+a+b)?
=1+a®+b* 4 2a + 2b + 2ab,
P(2)* = (4 + 2a + b)?
=16 + 4a* + b* + 16a + 8b + 4ab.

Since b is an integer, the given conditions imply that a?+2a+2ab, 4a®+16a+4ab
are integers. This shows that

4a® + 16a + 4ab — 2(a® 4 2a + 2ab) = 2a* + 12a,
4a® + 16a + 4ab — 4(a* + 2a + 2ab) = 8a — 4ab
are integers. Since b # 2 and b is an integer, it follows that a is a rational

number. Combining this with the fact that 2a% + 12a is rational, it follows that
a is equal to T for some integer n. Indeed, write a = % where z,y are integers

with y > 1 and ged(x,y) = 1. Note that 22° 1 127 is an integer. Since x and
y are relatively prime, this implies that y divides 2. Consequently, a is equal
to 5 for some integer n. Using that 2a% 4 12a is an integer, we get that %
is also an integer. This shows that n is even, and hence a is an integer. This
completes the proof. [ |

Example 1.11 (India RMO 2015¢ P2). Let Pi(x) = 22 +a12+b; and Py(x) =
22 4 asx + by be two quadratic polynomials with integer coefficients. Suppose
a1 # az and there exist integers m # n such that Pi(m) = Py(n), Po(m) =
Pi(n). Prove that a; — as is even.

Solution 11. Using P;(m) = Pa(n), we get

m2+a1m+b1:n2+a2n+b2,

that is,
(m? —n?) + (a1m — agn) + by — by = 0.

Similarly, using Pj(n) = Pa(m), we get
(n? —m?) + (a1n — agm) + by — by = 0.

This yields
2(m? —n?) + (a1 + az)(m —n) = 0.

Since m # n, we get 2(m +n) + a1 + a2 = 0. It follows that a; + as is even,
and hence, so is a1 + as — 2a9 = a1 — as. [ |

Some style files, prepared by Evan Chen, have been adapted here. 9
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Example 1.12 (India RMO 2013c P4). A polynomial is called a Fermat
polynomial if it can be written as the sum of squares of two polynomials
with integer coefficients. Suppose that f(x) is a Fermat polynomial such that
f(0) = 1000. Prove that f(x) + 2z is not a Fermat polynomial.

Summary — Assume that f(z) + 2z is a Fermat polynomial. Write each
of the polynomials f(z), f(z) + 2z as a sum of the squares of two polynomials
with integer coefficients. Reducing modulo 4, conclude that the constant terms
of these four polynomials are even. Next, reduce modulo 22, and compare the
coefficients of z to obtain a contradiction.

Solution 12. On the contrary, let us assume that f(z) 4+ 2z is a Fermat
polynomial.

Since f(x) is a Fermat polynomial, it follows that there exist polynomials
P(x) and Q(x) with integer coefficients such that f(z) = P(z)? + Q(x)?. This
gives P(0)24+Q(0)% = £(0) = 1000. Since a perfect square leaves one of 0, 1 as a
remainder upon division by 4, it follows that P(0), Q(0) are even. Consequently,
the coefficient of z in the polynomial f(z) = P(x)? + Q(z)? is a multiple of 4.

Since f(z) + 2z is a Fermat polynomial, there exist polynomialss R(x) and
S(z) with integer coefficients such that f(z) + 2z = R(z)? + S(x)%. Using a
similar argugemt as above, it follows that the coefficient of = in the polynomial
f(z) + 2z = R(x)* + S(x)? is a multiple of 4.

Note that

2 = P(2)? + Q(@)® — R(x)* — S(x)?,
and the coefficient of x in P(x)? + Q(x)? — R(x)? — S(x)? is a multiple of 4.
This contradicts the assumption that f(x) + 2z is a Fermat polynomial.
This proves that f(z) + 2z is not a Fermat polynomial. [ |

Example 1.13 (India RMO 2023a P3). Let f(x) be a polynomial with real
coefficients of degree 2. Suppose that for some pairwise distinct nonzero real
numbers , a, b, c we have:

fla) =be, f(b) = ac, f(c) = ab
Dertermine f(a + b+ ¢) in terms of a, b, c.
Solution 13. Note that cubic polynomial x f(x) — abe has three roots a, b, ¢,
and hence
xf(x) —abec = Az —a)(x — b)(z — ¢)

holds for some real number A. Substituting x = 0 in the above, and using that
a,b, c are nonzero, it follows that A = 1. This gives f(z) = 2? — (a + b+ c)x +
ab + bc + ca. We obtain that

fla+b+c)=ab+ bec+ ca.

10 The content posted here and at this blog by Evan Chen are quite useful.
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Example 1.14 (India RMO 2024a P2). Show that there do not exist non-zero
real numbers a, b, ¢ such that the following statements hold simultaneously:

1. the equation az? + bx + ¢ = 0 has two distinct roots z1, zo;
2. the equation bz? + cx + a = 0 has two distinct roots zs, 3;

3. the equation cz? + ax + b = 0 has two distinct roots z3, ;.

(Note that x1,z2,z3 may be real or complex numbers.)

Solution 14. On the contrary, let us assume that there exist nonzero real
numbers a, b, ¢ such that the given condition holds. Note that

axs +brg +c=0,br3 +cry +a =0
hold. Eliminating 3, we obtain
(b? — ca)xy = a® — be.

Also note that
(a® — be)x2 = (¢ — ab)xy

holds. Since ¢ # 0, it follows that x5 # 0, and hence
(a® = be)xy = ¢ — ab.
Combining the above, we obtain
(a® — be)? = (b? — ca)(c® — ab),
which can be simplified to
a(a® + b + ¢ — 3abc) = 0.

Since a is nonzero, it implies that a® + b> + ¢ = 3abc, and hence a +b+c =0
ora=b=c.

Note that if a, b, ¢ satisfy a = b = ¢, then each of x1,xs, z3 is equal to one
of w,w?, and hence, two of z1,x2, 23 are equal, which is impossible by our
assumption.

Suppose a, b, c satisfy a + b+ ¢ = 0. Note that if some two of a,b,c are
equal, then one of the polynomials az? + bz + ¢, bx? + cx + a, cx? + ax + b does
not have distinct roots. Note that if the roots of az? + bx + ¢ are equal, then
1 = —b/a — 1 holds, which implies that b = —2a, and hence a = ¢, which is
impossible. Hence, the roots of ax? + bx + ¢ are distinct. By similar arguments,
it follows that each of bx? + cx + a, cx® + ax + b possesses distinct roots. If
the common root of ax? + bz + ¢, bx? + cx + a is equal to 1, then considering
the common root of bx? + cx + a,cx® + ax + b, we obtain ¢/b = a/c, which
gives ¢2 = ab, and this yields (a + b)? = ab, which is impossible since a,b are
nonzero real numbers. If the common root of ax? + bx + ¢, bx? + cx + a is not
equal to 1, then we obtain b/a = ¢/b, which implies that (c + a)? = b? = ac,
which is impossible since a, ¢ are nonzero real numbers.

The completes the proof. |

Some style files, prepared by Evan Chen, have been adapted here. 11


https://artofproblemsolving.com/community/c6h3434806p33098542
https://github.com/vEnhance/dotfiles/blob/main/texmf/tex/latex/evan/evan.sty
https://web.evanchen.cc/otis.html
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