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§1 Inequalities

§1.1 Warm up

Example 1.1 (Nesbitt’s inequality 1903, Moscow MO 1963 Grade 9, UK BMO
1976 P2, India RMO 1990 P2). Let a,b,c¢ > 0. Then

a n b n c o 3
b+c c+a a+b~ 2
This has many proofs, for instance using AM-GM, AM-HM, Cauchy-Schwarz

inequality, rearrangement inequality. We present a quick proof from [Hun08|.

Solution 1. Put

a b c
o= + + )
b+c¢c c¢c+a a+bd
b c a
B

:b+c+c—|—a+a+b’

Some style files, prepared by Evan Chen, have been adapted here. 3
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< n a n b
Cb4+c c4+a a+b

~y
By the AM-GM inequality, the inequalities « + 3 > 3,8 +~v > 3,v+a >3

hold. Adding them together yields 2(ac + 8+ ) > 9. Using 8+ v = 3, we
obtain o > 3/2. [ |

§1.2 No square is negative (z> > 0)
Example 1.2 (Canada CMO 1971 P2). Prove that if > 0,y > 0 and

r+y =1, then
1 1
(1+) <1+> > 9.
x Yy
Solution 2. Note that

1 1 111
(1+><1+):1+++
z y vy ay
—1+1+Z2414 54
x v

:1+2(z+x+y)
Yy X

>9.

r+y
ry

Example 1.3 (USSR Olympiad 1990). Prove that for arbitrary ¢t € R, the
inequality ¢* — ¢ + 3 > 0 holds.

Solution 3. For any t € R, note that
1 1 1
th—t+ - =t" -+ -+ —t+ -
+ 5 + 1 + + 1
2
where equality occurs only if t = % and t? = %, which is impossible. This shows
that t*+ — ¢ + % > 0 for any real number ¢. |
Example 1.4 (India RMO 1995 P7). Show that for any real number x:

2 o 1
rosinx +xrcosx +x +§>O.

4 The content posted here and at this blog by Evan Chen are quite useful.
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Solution 4. When 1 + sinz # 0, we have

2 2 1
resmx +xcosx +x° + =

2
1
:(1+sinx)w2+xcosx+§
(1+sinz) n cos T 2+1 cos? x
= sinz) (2 4+ —0——F— -
2(1 4+ sinz) 2 4(1+sinx)

(1 +sina) <x+ cos T )2 24 2sinz — cos® x

2(1 +sinz) 4(1 +sinx)
2 .
cos T (1 +sinx)?
= (1 +si 0.
(1+sinz) <x+2(1+sinx)) + 4 =
If sinz = —1, then 2?sinx 4+ rcosz + 22 + % is equal to % and hence it is
positive. This completes the proof. |

Example 1.5 (India RMO 2014d P2). If 2 and y are positive real numbers,
prove that
4zt + 42 + 522 +y + 1 > 12xy.

Solution 5. Note that

dot F Ay 452 4y + 1> (dat +1) + 527 + (dy® 4+ y)
= (227 - 1)? + 927 + y(2y — 1)* + 4¢°

= (32 — 2y)? + 122y
1

Example 1.6 (India RMO 2014c P2). Find all real x,y such that
2 o 1
7+ 2y +§ <z(2y+1).

Solution 6. Let x,y be reals satisfying the above inequality. Note that
2 2, 1 2 2, 1
x* 4+ 2y +§—m(2y+1)=x +2y +§—2xy—a:
1
=2y —ay) +a’ —w g

_2( x>2+x2 +1
—\VTy 2 Ty

Some style files, prepared by Evan Chen, have been adapted here. 5
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z\2 1
=2(y-2) +5@—1)
> 0.
For real x,y, the given inequality is equivalent to x — 1 =0,y — § = 0, which

holds if and only if (z,y) is equal to (1, ). [ |

Example 1.7 (India RMO 2015¢ P7). Let z,y,z € R, such that 22 + 3% +
22 — 2zyz = 1. Prove that

(14+z)(1+y)(1+2) <4+ 4ayz.

Solution 7. Note that

d+dzyz—(1+2)(1+y)(1+2)
=d+dayz— (1+ax+y+z+a2+y> + 22+ 2y2)
=4+4+3zyz— (1+ax+y+z+a>+y> +27)
2 .2 4 L2
-1
R i bt
2
1

= 2(5+3(332+y2+z2)—2(1+x+y+z+x2+y2+z2))

1
=58+ +y + 27 - 2Ar+y+2)

—(l+z+y+z+a°+y°+2°)

= (1P + (= 17+ (1),

which is nonnegative. So the required inequality follows. |

Example 1.8 (Putnam 1998 B1, India RMO 2015f P1). Find the minimum

value of
(x+1/2)% — (25 + 1/2%) — 2

(x4 1/x)3 + (23 + 1/23)

for z € RT.

Solution 8. Note that
(x4+1/2)° = (2 +1/2%) =2 (2 +1/2)% — (2 +1/2°)?
(x+1/z)3+ (23 +1/23)  (z+1/2)3+ (a3 +1/23)
= (z+1/2)% — (2® +1/2%)

(e

:6+3(\/E+\/15>2.

It follows that the required minimum value is equal to 6, which is attained at
z=1. |

6 The content posted here and at this blog by Evan Chen are quite useful.


https://jpsaha.github.io/MOTP/
https://artofproblemsolving.com/community/c6h1170847p5622461
https://artofproblemsolving.com/community/c7h530478p3027460
https://web.evanchen.cc/
https://blog.evanchen.cc/
https://www.youtube.com/c/vEnhance

1 Inequalities Typos may be reported to jpsaha@iiserb.ac.in.

Example 1.9 (India RMO 2018a P2). Let n be a natural number. Find all
real numbers x satisfying the equation

Xn: kz*  n(n+1)
2k :
kle—i—x 4

Solution 9. Let x be a real number satisfying the above equation. It follows
that = # 0. Note that

2k
4 k:11+x
P
- 1
k:1xk+x7
k
<
2 T
"k
< -
<>5
k=1
_n(n+1)
- 4

Consequently, the inequalities in the intermediate steps are equalities. This
shows that x is positive and |z| = 1, which gives x = 1. Also note that the
given equation holds if z = 1. Hence, z = 1 is the only real solution of the
given equation. |

§1.3 Manipulation

Example 1.10 (India INMO 1987 P2). Determine the largest number in the
infinite sequence
17 21/2’ 31/3,41/4’ o 7nl/n

PR

Solution 10. Note that 1 < 2/2 < 31/3 holds. Let us establish the following
Claim.

Claim — For any integer n > 3, the inequality
nw > (n+ 1)#1

holds.

Some style files, prepared by Evan Chen, have been adapted here. 7
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Proof of the Claim. Observe that the inequality is equivalent to n > (1 + %)"
For any integer n > 3, note that

1n
(1+3)

n
i (M) (M (M)
N 1/n 2/ n? n) n"

_ nl nn-1)1 nnh-1)nN-=-2)1

BT T 3w
n “+n(n—1)(n—2) 2 1 nn—1)mn-2)...1 1
(n—1)! nn—1 n! nn

1 1 1 1 1
<1+ﬂ+5+§+a+~~+m
<2+1+i+ 1 ++;
2 7"92.9"79.9.9 2.9.92..... 2
(n—1)-times
:2+1+i+i+...+ 1
2 22 23 2n—1
<3
<n
holds. This proves the Claim. O
It follows that the largest term in the given sequence is equal to 3'/3. W

Remark. For any n > e, note that
nl/n 2 el/n > 1+ l
n
holds, which shows that n'/™ > (n + 1)+,
Example 1.11 (India RMO 2000 P3). Suppose (z1,22, - ,Zpn, ) is a

sequence of positive real numbers such that 1 > 2o > z3 > -2z, > ---
and for all n,

)

T T4 T9
+5 4

Tp2
R
1 n

8 The content posted here and at this blog by Evan Chen are quite useful.
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Show that for all £ > 1 the following inequality is satisfied:

X1 D) xs3 Tk
— - - ce — < 3.
Tt g T3

Solution 11. Note that for any integer n > 1, we have

Ly T L(n 2—
..+< 2 | T +...+<+1>1)

* n?  nZ2+1 (n+1)2-1
T X X Ty T4 Ty Ty Ty
P . S T T S S
_<1+1+1)+(4+4+4+4+4)
Tp2 Tp2 Tp2
++(n2+n2++n2>
(2n+1) terms
X1 XTq Tp2
=(2-1+1)— 2:241)—/—+--- 2 1)—-
@1+ D)T+ 224+ )T+ + 20+ 1)
X1 Xq Tp2
<B-DE4+B2)2 4+ 4+ (3
<G4BT 4+ ()
X1 Xq Tp2
:3(f Ta g )
14_2+ + n
<3.

Since for any k > 1, there is a positive integer m with (m + 1) — 1 > k, the
result follows. ]

Example 1.12 (India RMO 2002 P6). For any natural number n > 1, prove
the inequality
1 2 3 n 1 1

1
_ < e <« .
2 n2+1+n2+2+n2+3+ +n2+n 2+2n

Solution 12. Note that

1 n 2 n 3 n n n
n24+1 n?24+2 n2+3 n?2 +n

1
1
9

Also note that

L, 2 4, 3 4. "
n24+1 n24+2 n2+3 n?+n

Some style files, prepared by Evan Chen, have been adapted here. 9
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1

n?+n
2(n?2+1)
n—1
HCTCEEY)
1
—

A

A

1
2
Ly
2 2

]
Example 1.13 (India RMO 2005 P3). If a, b, ¢ are three real numbers such
that |a — b| > ||, |b — ¢| > |al, |¢ — a| > |b], then prove that one of a, b, ¢ is the
sum of the other two.

Solution 13. The given inequalities are equivalent to (a — b)? —¢? > 0, (b —
c)? —a?>0,(c—a)? —b*> > 0, which yields

(a—b+c)la—b—1c) >0,
(b—c+a)b—c—a) >0,
(c—a+b)(c—a—b)>0.

Multiplying them, we obtain
—(b+c—a)(c+a—b)2(a+b—c)? >0,

which shows that (b+c—a)(c+a—0b)(a+b—c) is equal to 0. This proves the
result. |

§1.4 Rearrangement inequality

\

Theorem 1 (Rearrangement inequality)

Let a1,...,an,b1,...,b, be real numbers satisfying a1 > as > -+ >
Gp,b1 > by > -+ > by,. Then for any permutation o of {1,2,...,n},

arby + agbg + -+ + anbp 2 a1b,1) + a2bgy2) + - + anby(n)
> arby +agb,1 + -+ anbs

holds. In other words, for any two sequences aq,...,a, and by, ..., b, of
real numbers, the sum a1b; + - - - 4+ a, b, is maximized (resp. minimized)
when these sequences are sorted in the same (resp. opposite) order.

- J

10 The content posted here and at this blog by Evan Chen are quite useful.
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Example 1.14 (Canada CMO 2002 P3). For positive x,y, z € R, prove that

23 B B
—+—+—2>z+ty+z
yz  zx  xy

Solution 14. Since x,y, z are positive, it follows that the sequences (23,32, 23)

and (ﬁ, é, xiy) are similarly ordered. By the rearrangement inequality, it

follows that

.’1,‘3 yS 223 x3 y3 23 .’IJ2 y2 2

z
> =
yz zx  wy oz 1Y Yz % T Yy
Since the sequences (22,42, 2%) and (%, %, %) are sorted in the opposite order,
using the rearrangement inequality, we get

56‘2 y2 22 $2 y2 2
—F+—=t—2—+—=—+—=rt+y+=z
z T Y T Y z

Combining the above inequalities, we obtain
B B
+—2>z+y+=z.
ry

7_’_7
Yz 2T

Example 1.15. For positive reals a, b, ¢, show that a” +b" +¢” > a*b3 +b%c® +
4.3
c*a”.

Solution 15. Since a,b, c are positive reals, it follows that the sequences
a*, b, c* and a3,b3, ¢ are sorted in the same order. By the rearrangement
inequality, we obtain

a” + b+ > a* + v + tad.
[ |

Example 1.16 (India RMO 2012a P3, India RMO 2012b P3, India RMO
2012¢ P3, India RMO 2012d P3). Let a and b be positive real numbers such
that a + b = 1. Prove that a®b® + a®b® < 1.

Solution 16. For any positive a, b, the sequences (a?®,b%), (a’,b%) are sorted
the same way. Applying the rearrangement inequality, we obtian

a®® + abh® < a®a® + b = a4+t =g+ b= 1.

Some style files, prepared by Evan Chen, have been adapted here. 11
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Example 1.17 (India RMO 2014b P2). Let z,y, z be positive real numbers.
Prove that

2 2 2 2 2 2
+z s r° +
Y + + 2 Y

>2(x+y+2).
x y z

Solution 17. Note that
2 2 2 2 2 2 2 2 2 2 2 2
+z 24+ x x° 4+ z x 4 x
e (et (5 ).

T Y z T Y z

holds. Since (22,9?%, 22) and (
ment inequality, we obtain

y2 22 2 2 2 y2
—t+—F+— | 2z2z+y+z —F+—+—= | z2z+ty+t=z
x Y z T Y z

) are sorted oppositely, by the rearrange-

8|~

1
757

Adding these inequalities, the required inequality follows. |

Remark. Note that the last two inequalities also follow from the Cauchy—
Schwarz inequality.

Example 1.18 (India INMO 2001 P3). If a, b, ¢ are positive real numbers such

that abc = 1, Prove that
ab+cbc+aca+b S 1.

Solution 18. Put

o = ab—&-cbc-"—aCa—i-b7
/B _ bb+ccc+aaa+b’
’y =

cb+cac+aba+b,

Note that a8y = 1, and by the rearrangement inequality, it follows that
a<fa<sy

hold. This gives a® < 1, which yields a < 1. [ |

Remark. The above proof is similar to be the proof of Nesbitt’s inequality as
in [HunO8].

Example 1.19 (India RMO 2017a P6). Let z,y,z be real numbers, each
greater than 1. Prove that

r+1 y+1 z+1<x—1+y—1 z—1

y+1 241 z+1 " y—1 2z—-1 x-1

12 The content posted here and at this blog by Evan Chen are quite useful.
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Solution 19. Note that both sides of the above inequality remain invariant
under cyclic permutations of z,y, z. Therefore, without loss of generality, we
assume that x > y and z > 2. Note that

z—1 z+1 (@-DE+)-(+)y-1)
y—1 y+1 y2—1
_ 20z —y)
y2 -1

Similarly, it follows that

y—1 y+1 2y—2)
z—1 2z+1  22-1"
z—1 z+1 2(z—ux)

r—1 x+1 21"
It suffices to prove that

x—y+y—z Z—x
y2—1 22—-1 z22-17"7

which is equivalent to

x N Yy N z L N Yy N z
y2—1 22—-1 22—-17"22—-1 ¢y2-1 22-1’

. } . . . 1 1 1
which follows from the rearrangement inequality since z, y, z and —5—, P AT

are sorted in the opposite order.

§1.5 Cauchy-Schwarz inequality

Example 1.20. Show that if the sum of positive numbers a, b, ¢ is equal to 1,

then
1 1 1
-+-4+-2>209
a b ¢

Solution 20. Applying the Cauchy—Schwarz inequality, we obtain

11 1
w+b+d<++>23?
a b ¢

Using a + b+ ¢ = 1, the required inequality follows. |

Example 1.21 (India RMO 2013d P3). Given real numbers a,b,c,d,e > 1.

Prove that
b2 2 d2 2

e
> 20.
c—1+d—1+e—1+a—1+b—1_ 0

Some style files, prepared by Evan Chen, have been adapted here. 13
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Solution 21. Since a —1,b—1,c¢—1,d — 1,e — 1 are all positive, by applying
the Cauchy-Schwarz inequality, we get
a? b? c? d? e? < (a+b+c+d+e)?

c—1+d—1+e—1+a—1+b—1_a+b+c+d+e—5'

It suffices to show that

2
(a+b+c+d+e) > 20
a+b+c+d+e—5

holds. Since a + b+ ¢+ d + e — 5 is positive, it is enough to prove that

(a+b+c+d+e)*—20(a+b+c+d+e)+100 >0,
which holds
(a+b+c+d+e)* —20(a+b+c+d+e)+100= (a+b+c+d+e—10)%

This proves the result. u

Example 1.22 (India RMO 2014a P6). Let 1, 22,3, ...,%2014 be positive
2014

real numbers such that » 7~ x; = 1. Determine with proof the smallest
constant K such that
2014
K J_>1. 1
Z 1-— € - ( )
Jj=1
Solution 22. For any positive reals x1,..., %2014 satisfying 2?0:114 x; = 1,

using the Cauchy—Schwarz inequality, we obtain

2014
) g o (@t won)? 1

1—2; = 2014 — (w1 + - +a2014) 2013

j=1

which gives
2014 2

x4

2013 l_ >1.
Z 1—(EJ -
Jj=1

This shows that the inequality (1) holds for K = 2013.
For 1 =29 =+ = 29914 = note that

_1
2014

L1 —z; 2013
Jj=1

holds, which shows that for any K satisfying the inequality (1), the bound
K > 2013 holds.

This proves that the smallest constant K satisfying the inequality (1) is
equal to 2013. |

14 The content posted here and at this blog by Evan Chen are quite useful.
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Example 1.23 (India RMO 2016d P2). Let a,b, ¢ be positive real numbers

such that
ab be ca

=1.
1—|—bc+1—|—ca+1+ab

Prove that 1 1 1
St T a2V
We refer to Example 1.55 and Example 1.55.

Solution 23. Applying the Cauchy—Schwarz inequality, we obtain

ab be ca
1+bc+1+ca+1+ab
. (Vab+ Ve + ea)®
— 34+ab+bc+ ca

1=

which yields

3> 2Vabe(va + Vb +Ve).

Using the AM-GM inequality, we get

2V abe Y Vabe <1,

which gives abe < 7 f Note that

1+1 1>3
ad b 3 T abe

> 6V2.
]

Example 1.24 (India RMO 2023b P5). Let n > k > 1 be positive integers.
Determine all positive real numbers ay,as, ..., a, which satisfy

n

2 o - Z‘“—”

Solution 24. Let a4, ...,a, be positive reals satisfying the above condition.

Note that
— \/ — 1 a +1

n k
CLZ- (
k/ k(k—1)
a;

<.

IN

by the AM-GM inequality)

i=1

Some style files, prepared by Evan Chen, have been adapted here. 15
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_z": kaf
B (k—1)ak +1

hold, and hence, the intermediate inequalities are equalities. This implies that

ai,as, .- .,a, are equal. Using the given condition, it follows that
a1:a2:~--:an:1.
Also note that the given conditions are satisfied if a; = ao = -+ =a, =1

holds. This proves that the positive real numbers satisfying the given condition
are precisely

a1:a2:---:an:1.
|
§1.6 QM-AM-GM-HM inequality
Example 1.25. Prove that if m > 0, then
4
m
Solution 25. Applying the AM-GM inequality, it follows that
p A _mymy i >3
T T 2 T2 '
|

Example 1.26 (India INMO 1988 P4). If a,b > 0 with a + b = 1, then show
that (a + 3)> + (b + 3)> > 2.

Solution 26. Note that
1\? 1\? 11
at+=) +(b++) =a +bz+—+—2+4
a b b
2

b oob
=a +b2+1+—+2 +1+ 45 +2 +4
=a?+ b + ( > <\/>\/7> +12

16 The content posted here and at this blog by Evan Chen are quite useful.
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Y

Example 1.27 (India RMO 1991 P2). If a,b, ¢ and d are any 4 positive real
numbers, then prove that
d

b ¢
+-+-+-2>4
c d a

a

b

Solution 27. Note that
b d
a++c+>2\ﬁ+2\/€
b ¢ d a c a
> 4.
[ |

Example 1.28 (All-Russian MO 1991 Grade 11 First Day P3, India RMO
1994 P8). If a,b and c are positive real numbers such that a + b + ¢ = 1, prove
that

14+a)1+0b)(14+¢)>81—a)(l—-0b)(1—0c).

Solution 28. The given inequality is equivalent to

(b+c+2a)(c+a+2b)(a+b+2c) >8(b+c)(c+ a)(a+b).

Put x =b+c¢,y =c+a,z =a+b. Note that the above inequality can be
rewritten as
(y+2)(= + ) (x +y) > 8ayz,

which follows from the AM-GM inequality. |

Example 1.29 (India RMO 1993 P6). If a, b, ¢, d are four positive real numbers
such that abcd = 1, prove that

(1+a)(1+b)(1+ )(1+d) > 16.

Solution 29. It follows by applying the AM-GM inequality to the factors and
using abed = 1. |

Example 1.30. Show that if a,b,¢ > 0, then

ab(a + b) + be(b + ¢) + ca(c + a) > 6abe.

Some style files, prepared by Evan Chen, have been adapted here. 17
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Example 1.31. [PK74, Problem 62.2] Each of the four numbers a, b, ¢, and d
is positive and less than one. Show that not all four products

4a(1 —b),4b(1 — ¢),4c¢(1 — d),4d(1 — a)

are greater than one.

Solution 30. Note that their product is equal to

[I «t-»= J] 0-@z-1?

z€{a,b,c,d} z€{a,b,c,d}

which is at most 1. This shows that not all the above four products are greater
than one. ]

Example 1.32 (India RMO 2003 P3). Let a, b, ¢ be three positive real numbers
such that a+b+c = 1. Prove that among the three numbers a —ab, b—bc, c—ca,
there is one which is at most % and there is one which is at least %.

Solution 31. Note that
1
(a—ab)(b—bc)(c—ca) =a(l —a)b(1 —=b)c(l —¢) < yE]

holds. So among a — ab,b — bc, ¢ — ca there is one which is at most %.
Also note that

(a—ab) + (b—bc) + (¢ —ca) =1 — (ab+ be + ca)

1
>1- g(a+b+c)2
2
> Z
-3
holds. This shows that one of a — ab,b — bc, c — ca is at least %. |

Example 1.33 (India RMO 2005 P7). Let a, b, ¢ be three positive real numbers
such that a + b+ c=1. Let

A = min{a® 4 abe, b® + ab’c, ¢ + abc?}.

Prove that the roots of the equation 22 + z + 4\ = 0 are real.

Solution 32. We need to show that the discriminant of 22 + = + 4\ is
nonnegative, that is, A < % holds. On the contrary, let us assume that A > 1—16.
This gives

1

3 2
be > —,
a” +a“oc 16

1 1
3 2 3 2
b° + ab“c > 16’0 + abc® > 6

18 The content posted here and at this blog by Evan Chen are quite useful.
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Note that
a® +a*be = a*(a+be) = a*(1 —b—c+be) = a*(1 = b)(1 —¢) > Tlfi
holds. Similarly, it follows that
V(1—-c)(l—a)> 1—16,(:2(1 —a)(1-b)> —

This implies that

1
(abe(1 —a)(1 —b)(1 —¢))* > =
which is impossible since

1 1 1

1— ~b(1— “e(l—e)< =

a(l—a) < ;b1 -b) < pe(l-0) < 7.
Consequently, we obtain \ < - 76> and hence the roots of the equation 224+ x+
4\ = 0 are real. |

Example 1.34. If a, b, c are positive reals, then show that

(@®+1)O* + 1D (+1) > (a+b)(b+c)(c+a).

Solution 33. Note that
(@®+1)H*+1) = (a+b)? = (ab—1)*>>0
holds. Similarly, it follows that
B2+ 1)(P+1)> (b+e)? (2 +1)(a®>+1) > (c+a).

Multiplying the above inequalities and using that a, b, ¢ are nonnegative, the
required inequality follows. |

Example 1.35 (India RMO 2006 P3). If a, b, ¢ are three positive real numbers,
prove that
2 2 2
ac+1 b"+1 ¢ +1 >3
b+c c+a a+b —

Solution 34. Note that

a?+1 v¥+1 2+1 2a 2b 2¢
> + + >3,
b+c c+a a+b b+c c+a a+bd

where the first inequality follows from AM-GM inequality and the second
inequality follows from Nesbitt’s inequality Example 1.1. |
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Example 1.36 (India RMO 2007 P6). Prove that
(a) 5 <5+ 5+ V5,
(b) 8 > V/8+ V/8+ V8,
() n>+/n+ In+ n for all integers n > 9.

Solution 35. Note that
3 8 4 7
V5 >2,V5 > = V5 > s

holds, which gives the first inequality. Using 3 > /8,3 > v/8, we obtain the
second inequality. Note that

V4 n+Vn <vn+vn+n=3yn

holds for any integer n > 1. Since n > 34/n holds for any n > 9, the third
inequality follows. n

I Remark. One may also use the AM-GM inequality to obtain the first inequality.

Example 1.37 (India RMO 2008 P3). Suppose a and b are real numbers such
that the roots of the cubic equation az® — z2 + bx — 1 are positive real numbers.
Prove that

(i) 0<3ab< 1,
(i) b> V3.

Solution 36. Let o, 3,y denote the roots of the polynomial axz® — 22 4 bx — 1.
Note that

1

04‘5‘5‘1"}/:57

b
aﬁ+67+7a=57
1

afy =~

a

holds. Since «, 8, are positive, it follows that a,b are positive. Using

(a+B+7)° > 3(aB + By + ya),

we obtain a% > %b. Since a is positive, it follows that 3ab < 1. Note that

(B + By +ya)® = B + B*7* +72a® + 2aBv(a + B+ 7)

20 The content posted here and at this blog by Evan Chen are quite useful.
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> (af + ﬂ; + ya)?

+2a8y(a+ B +7)

holds, we get 2—2 > ;% + 2@%, which gives b2 > 3. Since b is positive, we
conclude b > /3. [ |

Example 1.38 (India RMO 2011b P6). Find the largest real constant A such
that

Aabe 9 9
— < 4 2
a+b+c_(a+b) + (a+b+4c) (2)

for all positive real numbers a, b, c.

Solution 37. Let A be a nonnegative real number. Then the above inequality
holds for all a, b, ¢ > 0 if and only if

e < (22 4 ¢)(42® + 4(z + 2¢)?)
holds for all z,c¢ > 0. Noting that both the sides are homogeneous of degree
three in z and y, it follows that the above inequality holds if and only if

Ar? < (22 + 1)(42® + 4(x + 2)?)
holds for all > 0. Observe that

(22 +1)(42% + 4(z + 2)%) = 8(22 + 1) (2% + 22 + 2)

=38
= 8(223 + 5% + 62 + 2).
This shows that for x > 0, the above inequality is equaivalent to

L é—5 <ac—|—§+i
2\ 8 - x oz

Let a,b > 0 be such that

3 1 3 1

T+ —+—=ar+—+2bx+ —

2 x x2

holds for any z > 0, and (3/a)® = (1/b)? holds, or equivalently, a,b satisfy
a+2b=1and (3/a)® = (1/b)%. Note that this holds for a = 3/4,b = 1/8.
Observe that

:1c+§—+-i—§3:—|—§+1:r+1:1c+i>3+§—E
z  x2 4 r 8 8 2 4 47

where equality holds if and only if x = 2. This proves that the largest real
constant \ satisfying the given inequality for all a, b, ¢ > 0 satisfies

1 /A 15
2(8_5>_4’

or equivalently, A = 100 holds. |
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Example 1.39 (India RMO 2012¢ P4). Let a,b, ¢ be positive real numbers
such that abc(a + b+ ¢) = 3. Prove that we have

(a+b)(b+c)(c+a)>8.
Also determine the case of equality.
Solution 38. Note that

(a+b)(b+c)(c+a)=(a+ b+ c)lab+ be+ ca) — abe

1 1 1
= abc(a+ b+ c) <++>—abc
a b ¢
3<1+1+1>abc
a b ¢

>9

> 9+ — abe.

abe

Also note that

3=abcla+b+c)
> 3(abe)*/?,

which gives abc < 1. Using the above inequalities, we obtain

(a+b)(b+c)(c+a)>9—-1
=38.

This proves that
(a+b)(b+c)(c+a) =38,

where equality holds if and only if all the prior inequalities are equalities, or
equivalently, a = b = ¢. Using abc(a+b+c) = 3, it follows that a, b, ¢ are equal
if and only if they are equal to 1. This shows that (a + b)(b+ ¢)(c+ a) = 8 if
and only if a, b, ¢ are equal to 1. |

Example 1.40 (India RMO 2012f P8). Let z,y, z be positive real numbers
such that 2(xy 4+ yz + zz) = zyz. Prove that

1 n 8 1
(-2 (y—2)(2—2)  (z+2)(y+2)(z+2) ~ 32

IN

If @, b, ¢ are positive real numbers such that % + % + % = 1, then show that

1 8
@—D)b-Dc=1 @t Do+ DlcrD)

1
<=,
4

22 The content posted here and at this blog by Evan Chen are quite useful.
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Solution 39. Put
x = 2a,y = 2b,z = 2c.

Note that a, b, ¢ are positive real numbers and they satisfy ab + bc + ca = abe.
Observe that

(a—1)b—-1)(c—1)=abc—ab—bc—cat+a+b+c—1
=a+b+c—1,

(a+ 1)+ 1)(c+1)=abc+ab+bc+ca+a+b+c+1
=2abc+a+b+c+1.

Using the AM-GM-HM inequality, we obtain

3

a+b+c
1 1 17
atrTe

3 > (abe) 3 >

which yields a + b+ ¢ > 9 and abc > 33, This implies that

1 8
@—DO-Dc=1  @rDb+etD)
1 8
SS9 1 3 o041
18

"3t w

N

Example 1.41 (ELMO 2013 P2, proposed by Evan Chen). Let a,b,c be
positive reals satisfying a + b+ ¢ = {/a + Vb + /c. Prove that a®b’c¢ > 1.

Solution 40. Using the weighted AM-GM inequality, we obtain
a 6 6/7
1= — a7 > (a® ) T
Z atbte ¥ F (a%07¢%) ’
cyc
which yields a®blec > 1. [ ]

Example 1.42 (India RMO 2014e P5). Let a,b, ¢ be positive real numbers

such that
1 1 1

<
1—|—a+1+b+1+c_

(3)

Prove that
(14 a?)(1 +b*)(1 4 ¢*) > 125.

When does the equality hold?

Some style files, prepared by Evan Chen, have been adapted here. 23
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Solution 41. The given inequality implies
a 1 1 2
> + > 5
1+a " 1+b 1+4c (1+b)(1+¢)

where the second inequality holds if and only if b = ¢. Similar lower bounds for

1-Zs)-b’ Tic can be obtained, and multiplying them yields abc > 8, where equality

holds if and only if a = b = ¢ = 2. Note that

a2 a2 a2 (12 aS 5
l+a?=14—4+—+—+—>
+a +4+4+4+4_5(28>

holds, where equality OCCUI‘b if and only if a = 2. We can find similar lower
bounds for 1+ b2, 1 + ¢2. Multiplying them, we get

818 8\ 5 be &
1+ a1+ )1+ ) > 53 (‘2‘828;8) = 53 (“86> > 125,

where equality occurs if and only if a = b=c= 2. |

Example 1.43 (India RMO 2016¢ P2). Let a, b, ¢ be three distinct positive
real numbers such that abc = 1. Prove that
a’ b3 c?

a—Da—0  G=ab-a  (c=a)(c=b)

Solution 42. Note that

3 b3 3

@—ha—0 0-0b-0  (—a)c—0)
_a (b—c)+b3(c—a)+c*(a—0)

(@—b)b—o)c—a)

(

Q

W —

adb—c)+b(c—a)—c3(b—c)—c3(c—a)
(a=b)(b—c)(c— )
(b° —c*)(c—a)+(a® — ) (b—
(@a=b)(b—c)(c—a)

P4be+c2—c2—a?2—ca

a—>b
B b2 4+ bec —a® —ca
o a—2>b
=a+b+ec
> 3vabe
= 3.

24 The content posted here and at this blog by Evan Chen are quite useful.
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Remark. The above argument leads to following somewhat simpler solution.
Observing that

1 _ (c—a)—(c—1b)
c—a)c—b)  G-al—ac-b
B 1 7 1
~ (b—a)(c=b) (b-a)(c—a)
we obtain
a? n b3 n 3
@ Ba—0  G-0b-a  -al—b
a® — B b3 — 3

~G-De-9  B-9C—2a)

a?® + ac+ _ b2 + be + 2
a—b a—2>

=a+b+c

> 3.

Example 1.44 (India RMO 2016e P4). Let a,b, ¢ be positive real numbers
such that a 4+ b + ¢ = 3. Determine, with certainty, the largest possible value
of the expression

a b c
a3+b2+c+b3+02+a+c3+a2+b'

Solution 43. Note that

a b c
a&+w+c+b?+@+a+ciﬂﬁ+b
1 n 1 n 1
@?+8 4+ B2+e e 2+L 40
1+a+ca 1+b+ab 14+c+be
“(a+b+0)? (a+b+c¢)?  (a+b+c)?
(by the Cauchy—Schwarz inequality)
_3+a+btctab+bc+ca
B (a+b+c)?
(a+b+c)2
6+ —5—
- 9
=1.

Also note that if a=b=c¢=1, then a+ b+ c=3 and

a b c

=1.
a3+b2+c+b3+02+a+c3+a2+b
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This shows that the largest possible value of the given expression is equal to
1. [ ]

Example 1.45 (India RMO 2016f P5). Let x,y, z be non-negative real numbers
such that zyz = 1. Prove that

(2% + 2y) (v + 22)(2* + 2) > 27.

Solution 44. Applying the AM-GM inequality, we obtain
(23 + 2y)(y* + 22)(2° + 27)

> (3V/a%y2)(3V/y?2%)(3V 2342
=9,

Example 1.46 (India RMO 2019a P3). Let a,b, ¢ be positive real numbers
such that a + b+ ¢ = 1. Prove that

a b c 1
< .
a2+b3—|—c3+b2+a3+c3+c2+a3+b3 ~ babc

Walkthrough — Homogenize the denominator and apply the AM-GM
inequality.

Solution 45. Note that
a a
a2+ +c a?la+b+co)+b3+c3
< a
5v/ab - abc - b3 - 3
_ 1
5va2bict
1 3, \1/5
—— (a°b
S5abe (a C)
3a+b+c
25abc

holds. Similarly, it follows that

b 3b+a+c
b2+ a3 +c¢3 —  25abe
c 3c+a+b

c2+a34+b3~ 25abe
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Adding the above inequalities, we obtain

a b c
PR B R SR B R U
3a+b+c+3b+a+c 3ct+a+b
—  25abc 25abc 25abc

_at+b+c

S5abe
1

~ Babe’

§1.7 Bunching terms

Example 1.47. Show that

LSS NS S B IR,
27371 gm = o oM =t

1 1 1 1
Use it to show that 3 + 3 + 1 + .- -+ — becomes arbitrarily large as n increases
n

indefinitely.

Walkthrough — Observe that

L1 4l
om—1 2m71+1 ogm | °

Show that the sum in each parenthesis is at most %

Example 1.48 (India RMO 1992 P6). Show that
1 1

1 4
1 — 4 b
<7001 T1002 T T 3001 ©3

Solution 46. To obtain the lower bound, note that
1

1 1
1001 T 1002 T T 3001

Some style files, prepared by Evan Chen, have been adapted here. 27


https://artofproblemsolving.com/community/c6h56245p347848
https://github.com/vEnhance/dotfiles/blob/main/texmf/tex/latex/evan/evan.sty
https://web.evanchen.cc/otis.html

29 April 2025 https://jpsaha.github.io/MOTP/

1 ] ]
~ 7001 " 1002 T T 3000

AR U U U S O
— \ 1001 1250 1251 1500
+L+ +L+L+ +L+L+ +L
1751 2000 2001 2250 2251 2500
_|_

1 1 1 1
+ (2501 o 2750) * <2751 T 3000
250 250 250 250 250 250 250 250
1250 1500 ' 1750 '~ 2000 ' 2250 ' 2500 2750 ' 3000

>1+1+ +1—17 1+1+1+1 >1
5 6 12 60 66 70 T2 ’

To get the upper bound, note that

LS S|
1001 1002 3001
1 1 1

<7000 T 1001 T T 3000
B (S OIS S DI (I I
1000 ' 1001 1499 1500 ' 1501 1999

1 1 1 1 1 1 1
+ (2000 Tooor T 2499) * (2500 Tosor T 2999) 3000
500 500 500 500 1

< 1500 * 2000 * 2500 * 3000 + 3000
11 1 1 1

37175761 3000
57 1
=60 " 3000
<1

4
<§.

Example 1.49 (Canada CMO 1998 P3, India RMO 1998 P3). Prove the
following inequality for every natural number n > 2:

RN IR S I N O (I S
n+1 3 5 2n —1 n\2 4 6 2n )’

Solution 47. Let us establish the following Claim.
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Claim — For any 1 < k < n, the inequality

1 1 1 1 /1 1
+ > (ot
n+1\2k—1 2n—-2k+1 n \2k 2n—2k+2

holds. Moreover, this inequality is strict if £ =1 and n > 2.

Proof of the Claim. Clearing the denominators, it follows that the above in-
equality is equivalent to

dn’k(n —k+1) > (n+1)%(2k — 1)(2n — 2k + 1).
Note that
dn’k(n—k+1) — (n+1)%(2k — 1)(2n — 2k + 1)
= n?(4nk — 4k* + 4k — (4nk — 4K* + 4k — 2n — 1))
—(2n+1)(2k —1)(2n — 2k + 1)
=n?(2n+1) — (2n+ 1)(2k — 1)(2n — 2k + 1)
= (2n 4+ 1)(n? — (4nk — 4k* + 4k — 2n — 1))
=2n+1)((n—2k)* +2(n —2k) + 1)
=@2n+1)(n—2k +1)%

which is nonnegative for any 1 < k < n. This proves the inequality. Moreover,
if k=1 and n > 2, then

4n’k(n—k+1)— (n+ 1?2k —1)(2n — 2k +1) > 0,
which proves the second statement.

The Claim implies the given inequality.

§1.8 Look at the difference
Example 1.50. Show that if a > b > 0, then

@by ="

Solution 48. Applying the AM-GM inequality, we obtain

=(a—b)+b+ > 3.

(a—b)b (a—b)b
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Example 1.51. Prove that if a < b < ¢ < d, then (a +b+c+d)? > 8(ac+ bd).

Solution 49. Let z,y, z denote the real numbers satisfying

b=a+x,
c=b+y,
d=c+ z.

Note that

a+b+c+d=a+b+2c+(d—c)
=a+3b+2(c—b)+ (d—c¢)
=4da+3(b—a)+2(c—b)+(d—¢c)
=4da + 3x + 2y + z,
ac+bd=ac+ (a+ z)(c+ 2)
=2ac+cx +az+ zx
=2a(b+y)+ab+y)+az+zx
=2a(a+z+y)+a(at+x+y)+az+zx
= 2a% + 2ax + 2ay + ax + 2% + xy + az + zx
=2a® 4+ 3az + 2ay + zx + 2% + 2y + az
hold. This shows that
(a4 b+ c+d)* — 8(ac + bd)
= (4a + 3z + 2y + 2)? — 8(2a* + 3ax + 2ay + zx + 2% + xy + a2)
= 922 + 4y® + 2% + 24ax + 16ay + 8az + 12zy + 4yz + 62z
— 24ax — 16ay — 8z — 8x2 — 8xy — Saz
= 2% +4y? + 2% 4 doy + dyz — 222
= (z -2 +4y(z+y+2)
> 0.

Example 1.52 (India RMO 2004 P7). Let z and y be positive real numbers
such that y2 +y < & — 3. Prove that

1. y<z<1and
2. 22 +9y% < 1.
Solution 50. Note that z —y > 2% + 32 > 0 holds, which shows that = > y.

Also note that z — 23 > y3 + 3 > 0 holds, which implies that z(1 — z?) > 0.
Since z is positive, we obtain z < 1. This gives 0 <y < x < 1.
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Write = y 4 ¢ with ¢ > 0. The inequality y°> +y < z — 2 yields
2y% + 3y%t + 3yt + 12 < t.
Note that the inequality 22 4+ y? < 1 is equivalent to 232 + 2yt 4+ t2 < 1. Since
Y+t is positive, it is equivalent to (y +t)(2y% + 2yt +t2) < y +t. Observe that
(y +t)(20% + 2yt + 1) = 20> + 49t 4 3yt* + 3

< yPt+43yt> +t — 3yt

=yt —3yt(l —t)+t

<y+t (using0<y,t<1).
This completes the proof. |

Example 1.53 (India RMO 2017b P5). If a,b,¢,d € R such that a > b > ¢ >
d > 0 and a + d = b+ ¢; then prove that

(a+b)\/§c+d \/ +p2— \/62+d2.

Solution 51. Put m =a+d. Usinga+d=b+canda>b>c>d>0,it
follows that for some real numbers 0 < y < x < m,

a=m+zx,b=m+y,c=m-—-y,d=m-—=zx

hold. Note that the given inequality reduces to

V2(z+y) >V (m+2)2+ (m+y)2—/(m—x)2+ (m—y)2.
Observe that
Vi D2+ () - Vim =22+ (m— y)?
B <m+x> T (m+y)° = (m = 2)° — (m — y)?
V(m+ )2+ (m+y)? +/(m = 2)? + (m — y)?
dm(x +y)
Vi o+ (ot gP +y/im— 2P+ (= o)
Hence, it suffices to prove that
Vim+ )2+ (m+y)?2 +/(m—2)2+ (m—y)2 > 2V2m.
Note that

V(m+ )2+ (m+y)? +/(m — )2 + (m — y)?
mt+r+m+y m—x+m-—y

> NG + NG

=2V2m

hold. This completes the proof. |
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Example 1.54 (India RMO 2024b P4). Let ay, a9, as, a4 be real numbers such
that a? + a3 + a3 + a2 = 1. Show that there exist i, j with 1 <i < j < 4, such
that (ai — aj)Z S %

Solution 52. Reording a1, as, as, a4 if necessary, we assume that a; < as <
a3 < aq holds. Put

az =ay +,

a3 =az +y,

ay = as + z.
Note that

ai = a? + 2% + 2a;z,

a3 = (a1 +x +y)°
:a%+x2+y2+2a1z+2a1y+2xy,

aj = (a1 +z+y+2)°
:a%+x2+y2+22+2a1x+2a1y+2alz+2xy+2yz+2zx

hold. This gives

1=a%+a§—|—a§+ai
:a%
+a? 4+ 2% + 2012
+a? 4+ 2% + y* + 2017 + 241y + 2xy
+af+x2+y2+22+2a1x+2a1y+2a12+21y+2yz+22x
= 4a? + 32% 4+ 2y* + 2% + 201 (3% + 2y + 2) + day + 2yz + 222
3042y +2\° (3z + 2y + 2)?
= 2@1— —
2 4
+ 322 4+ 2y + 22 + day + 2yz + 22z
2
3 2 9 3
:(2a1—x+2y+z> —(4x2+y +4z +3$y+y2+2zm>
+ 322 4 2y + 22 + day + 2yz + 22z

2
3z 42y +z 3 3 1
:<2a1—y> + 2+ P+ Sy yz + -z

2 4 4 2

If v > \1[ y > \% z> % holds, then we would obtain

2
3w+ 2y + 2 3 3 1
1Z<2a1—2y> +<4+1+4+1+1+ )5
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2
3 2
_ (2a1 _9«“+2y+«2> Y

which would imply
_3r+2y+z2 S 3

ai 4 _2\/57

and hence,
3 9

3
4> ——=+ —==—=>1,
Sao5 VB 2v5

which is impossible. This shows that at least one of x,y, z is less than % |

§1.9 Algebraic substitutions

Example 1.55 (India RMO 2016a P2, India RMO 2016b P2). Let a, b, c be
positive real numbers such that

a n b n ¢ _ L
14a 1+b 1+4c
Prove that abe < é.
We refer to Example 1.23.
Solution 53. Put
a b c

Y

x:1+a’ :1+b’221+c'

It follows that x,y, z are positive real numbers satisfying = + y + z = 1. Note
that
x Yy z
a= ,b= ,C= .
1—a 1—-y 1—=2
We need to shows that 8abe < 1, which is equivalent to 8xyz < (1 —z)(1 —
y)(1 = 2). Using x4+ y+ z = 1, it follows that the above inequality is equivalent

to

8xyz < (x +y)(y +2)(z + ),
which follows from the AM-GM inequality. |

Remark. A careful reading of the above argument shows that the substitution

T _a y b % _ @
z+y+z l14+a' z+y+z 1+bz+y+z 1+c’

or equivalently, the substitution

x _ Yy _ z

a = ) )
Yy+z % <r @8 r+y
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Figure 1: Ravi substitution

I reduces 8abc < 1 to the inequality 8zyz < (z + y)(y + 2)(z + z).

§1.10 Ravi substitution

In Fig. 1, the incircle touches the sides of the triangle ABC at the points
D,E. F. Note that AF = AE, BF = BD,CD = CFE holds, and let us denote
them by x,y, z respectively. This gives

a=BC=y+2b=CA=z4+x,c=AB=x+y
with z,y,z > 0.

Example 1.56 (India RMO 1996 P5). Let ABC be a triangle and h, the
altitude through A. Prove that

(b+c)® > a® +4h2.
Solution 54. Since A = %aha, the inequality reduces to
2 2 1 2
(b+c)—a"> ?16A )
which is equivalent to

a*>(c+a—"b)(a+b—c).

This follows from the AM-GM inequality. ]
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Remark. To prove the inequality a® > (c+a—b)(a+b—c), one could substitute
a=y+z,b=z4+z,c=x+y,
and note that the above inequality is equivalent to

(y+2)° > 4yz,

which holds since (y — 2)? > 0.

Example 1.57 (India RMO 1999 P5). If a,b, ¢ are the sides of a triangle,
prove the following inequality:

a n b n c >3
c+a—-b a+b—c b+c—a

Solution 55. Let us use Ravi substitution, that is, let x,y, z be real numbers
satisfying
a=y+z,b=z+z,c=x+y.

Note that x,y, z are positive by the triangle inequality. Observe that

a n b n c
cta—b a+b—c b+c—a

Ytz zt+x Tty
2 + 2z + 2z

z
(53
T Yy oz

Example 1.58 (India RMO 2001 P6). If x,y, z are the sides of a triangle,
then prove that

[2%(y — 2) + ¥ (2 — @) + 2% (x — )| < 22
Solution 56. Note that

2y —2)+y(z —x) + 22 (x —y)

= ny —zz? + yzz - xyz + 2%z — yz2
— (a® = 2y + 2z — ) + 2a(z — @)
= (2 —2)(y* + 22 — y(z + 7))
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=(z—2)(y—2)(y — ).
Since
[2%(y — 2) + 4 (z — @) + 2% (z — )|, 2y2

are symmetric in x,y, z, without loss of generality, we may (and do) assume
that © <y < z. Note that |(z — z)(y — 2)(y — z)| < zyz is immediate if any
two of z,y, z are equal. It remains to consider the case that x,y, z are distinct,
which we assume from now on. Let us use Ravi substitution, that is, let a, b, ¢
be real numbers satisfying

r=b+c,y=c+a,z=a+0b,

where a, b, ¢ are positive by the triangle inequality. Using z < y < z, we obtain
a > b > c. Note that

[(z—2)(y = 2)(y —2)| = (a = b)(b—¢)(a —¢)
< aba
<(a+c)(b+c)(a+1D)

= 2yz,

where the first inequality follows since 0 < a—b < a,0 <b—c<b0<a—c<c
holds. |

§1.11 Triangle inequality

Example 1.59. For real numbers z,y, z, show that

||+ lyl+ 2| < |z +y—zl+|ly+z—x|+|z+z—y|

Solution 57. Put
_b+ec c+a a-+b

9 YT Ty FT T

In other words, let a, b, ¢ be real numbers defined by

a=y+z—x,b=z4+zx—y,c=x+y—=z.
Applying the triangle inequality, we obtain
|al + [0 = 2]z, B + [¢| = 2|z, |c| + [a] = 2[y].

The result follows by adding them. |

Example 1.60 (India RMO 1990 P5). Let P be a point inside a triangle
ABC. Let s denote the semiperimeter 1(AB + BC + CA). Prove that

s< AP +BP +CP < 2s.
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C

Figure 2: India RMO 1990 P5, Example 1.60

Solution 58. Applying the triangle inequality to PBC', we get BC < BP+CP.
Similarly, the inequalities CA < CP + AP, AB < AP + BP follow. Adding

them yields
AB+ BC+ CA < 2(AP+ BP + CP),

or equivalently, s < AP + BP + CP holds. Let D denote the point on BC'
such that A, P, D are collinear. Note that

AP+ BP < AP+ BD + DP (applying the triangle inequality to BDP)
=AD+ BD
< AC+ DC + BD (applying the triangle inequality to ADC)
= AC + BC

hold. Similarly, it follows that
BP+CP < AB+ CA,CP+ AP < AB+ BC.
Adding these inequalities, we obtain
AP+ BP+CP < AB+ BC+ CA = 2s.
|

Example 1.61 (India RMO 1995 P5). Show that for any triangle ABC, the
following inequality is true:

a® +b% 4+ 2 > V3max{|a® — b?|, |b* — ?|,|c® — a?|}.
Solution 59. Since the above inequality is symmetric with respect to a, b, c,
without loss of generality, we assume that a > b > ¢. Thus we need to show

that
a® + 0%+ > V3(a® - 2)
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holds. Using the triangle inequality, we obtain b > a — ¢ > 0. This yields

A+ +E V3 - >d®+(a—c)+ 2 —V3(a® - )
=2(a® + ¢ — ca) — V3(a® = ?)
=(2-V3)a®+ (2+V3)c? - 2ca
(2 = V3)(a® — 2ac(2 + V3) + (2 + V3)?)
(2= V3)(a— (2+V3)e)
0.

v

This completes the proof. |

Example 1.62 (India RMO 1997 P5). Let x,y and z be three distinct real
positive numbers. Determine with proof whether or not the three real numbers

Ty

Yy €T

y oz
z Y

) )

z ’
can be the lengths of the sides of a triangle.

Solution 60. Without loss of generality, let us assume that z > y > z. Note
that
2(a® — ) +a(y® — %) —y(@® — 22
zx(a — 2) + (x — 2)y? —y(a® - 2?)
v —z)(zx +y* —ylz+2)

=(@—-2)(y—2)(y—2)
< 0.

By the triangle inequality, it follows that the given three numbers cannot be
the lengths of the sides of a triangle. |

Example 1.63 (India RMO 2009 P5). A convex polygon is such that the
distance between any two vertices does not exceed 1.

(i) Prove that the distance between any two points on the boundary of the
polygon does not exceed 1.

(ii) If X and Y are two distinct points inside the polygon, prove that there
exists a point Z on the boundary of the polygon such that XZ+Y Z < 1.

Solution 61. Note that for any four complex numbers z1, 22, 23, 24 and any
0<t,s <1, we have

(tz1 + (1 —t)22) — (sz3 + (1 — 8)24)
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=t(z1—2z3)+ (@t —8)z3+ (1 —5)(22 — z4) + (s — t)22
t(z1 —23) + (s —t)(23 — 22) + (1 — 8)(22 — 24)

and
(tz1 + (1 —t)z2) — (sz3 + (1 — 5)24)
=s(z1 —2z3)+(t—8)z1+ (L —t)(22 —24) + (s — )24
=s(z1 —23)+ (t—8)(21 — 24) + (1 — ) (22 — 24).

If the distance between no two of z1, 2o, 23, 24 exceeds 1, then

t+(s—t)+(1—s)= if s >t

[(tz1 + (1 —t)2z2) — (s23 + (1 — 8)za)| < {s+(ts)+(1t)_ ift > s.

This proves part (i).
Extending XY to the boundary of the polygon, we find two points 21, Z5
on the boundary such that Z;, X,Y, Z5 are collinear. Note that

(X2 +Y2Z1)+ (X2Z2+YZy) = (XZ1 + X Z2) + (YZ1 + Y Z)
= 2717,
<2

which shows that X717 + Y Z; <1 or XZ5 4+ Y Zs <1 holds. This proves part
(ii). [ |

Example 1.64 (India RMO 2014e P1). Three positive real numbers a, b, ¢ are
such that a? + 52 4 4¢% — 4ab — 4bc = 0. Can a, b, ¢ be the lengths of the sides
of a triangle? Justify your answer.

Solution 62. The given condition is equivalent to
(a—2b)%+ (b—2c)* =0.

Since a, b, c are real numbers, this gives b = 2¢,a = 2b = 2¢. Note that
b+ ¢ = 3c < 2c = a holds. So by the triangle inequality, it follows that a,b, ¢
cannot be the lengths of the sides of a triangle. |

§1.12 Geometric inequalities

Example 1.65 (India RMO 1993 P4). Let ABCD be a rectangle with AB = a
and BC = b. Suppose r; is the radius of the circle passing through A and B
and touching C'D; and similarly ry is the radius of the circle passing through
B and C and touching AD. Show that

5
1+ T2 > g(a+b).
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A
Figure 3: India RMO 1993 P4, Example 1.65

Solution 63. Since QS is perpendicular to AD, it is parallel to CD. Let SQ
produced meet BC' at R. Since RS is parallel to CD and ZRC D is a right-angle,
it follows that QR is perpendicular to BC. This gives QR? + RC? = QC?,
which yields

This implies that

oot
2T 2 8a
A similar argument shows that
b e
T
It follows that
T4 —l(a—kb)—k1 f+f
T2 8\ b a
1 1 b)?
> 5( +b)+ 3 (a —:_ b) (by the Cauchy—-Schwarz inequality)
= g(a +b).
This completed the proof. |

Example 1.66 (India RMO 1997 P4). In a quadrilateral ABCD, it is given
that AB is parallel to CD and the diagonals AC' and BD are perpendicular
to each other. Show that

(a) AD-BC > AB-CD,
(b) AD+ BC > AB+CD.

40 The content posted here and at this blog by Evan Chen are quite useful.
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A
Figure 4: India RMO 1997 P4, Example 1.66

Solution 64. Note that the inequality AD - BC' > AB - CD is equivalent to
(@ + 0?5 + ) > (@ +92) (2 + ),

which reduces to (2% —22)(y*>—w?) > 0. It suffices to show that (z—z)(y—w) > 0
holds. Since AB is parallel to C'D, it follows that the triangles ABP and CDP
are similar, and the lengths of their sides satisfy

z Y
z w
Consequently, the inequality (z — z)(y — w) > 0 holds.
To prove the second inequality, note that
(AD + BC)? = AD? + BC? +2AD - BC
=22+ w?+y?>+22+24D - BC
> a2 +y? + 22 +w? +24B-CD
= AB*+ CD? +2AB-CD
= (AB + CD)?,

which implies AD + BC' > AB + CD. |

Example 1.67 (India RMO 2013b P5). Let n > 3 be a natural number and
let P be a polygon with n sides. Let ay,as,...,a, be the lengths of sides of P
and let p be its perimeter. Prove that

ay a2 Qn

+ < 2.
p—a p— a2 p—an

Solution 65. By a repeated application of the triangle inequality, it follows
that a; < p —a; for all 1 < i < n. Note that for any positive real numbers
a, b, ¢, the inequality

a < a—+c
b b+e
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holds. It follows that

ay ag Gnp

201 2a9o 2a,
Ho ot .
bp—a1 p—az pb—an p p p
holds. |
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