MTH102
Linear Algebra

2025-2026—-1 SEMESTER

PROBLEM SETS

05 October 2025

Chapter 1. Problem set 1

Exercise 1.1. Determine the elements of the following sets.
« {zeN:z?2—1=0}.
. {mEZ:m2—1:0}.
Exercise 1.2. What does it mean to say that A is not a subset of B?
Exercise 1.3. Show that if A is a subset of B and B is a subset of C, then A is a subset of C.
Exercise 1.4. Show that no element n of N satisfies n* — 5n2 + 6 = 0.

Exercise 1.5. What does it mean to say that two sets A, B are not equal?

Exercise 1.6. Consider the sets
{1,2,3,4},{3,4,5,6}.

Determine the elements common to these sets.

Exercise 1.7. Determine the union of the sets
{1,2,3,4},{1,3,5,7}.

Exercise 1.8. If A, B are sets, show that
ACAUB,BC AUB.

Exercise 1.9. If A, B are subsets of a set C, then A U B is a subset of C.

Exercise 1.10. If A is a set, show that
AUA=A.

Exercise 1.11 (Commutative property). If A, B are sets, show that
AUB=DBUA.
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Exercise 1.12 (Associative property). If A, B, C are sets, show that
AUBUC=(AUB)UC =AU (BUC().

Exercise 1.13. Determine the intersection of the sets
{1,2,3,4},{1,3,5,7}.

Exercise 1.14. If A, B are sets, show that
ANBCA ANnBCB.

Exercise 1.15. If A, B, C are sets satisfying
CCACCB,
then show that
CCANB
holds.

Exercise 1.16. Identify the integers among
1,2,3,4,...,20
which are divisible by at least one of 2 and 5.

Exercise 1.17 (Inclusion-exclusion principle). Show that for finite subsets A, B, C of a set X,
|JAUBUC|=|A|+ |B|+|C|—|ANB|—|BNC|—|CNA|+|AnBNC|.

Exercise 1.18. Determine the number of integers among
1,2,3,4,...,100,
which are divisible by at least one of 6, 10, 15.

Exercise 1.19. If A is a set, show that
ANA=A.

Exercise 1.20 (Commutative property). If A, B are sets, show that
ANB=DBnNA.

Exercise 1.21 (Associative property). If A, B, C are sets, show that
ANBNC=(ANB)NC=AN(BNC).

Exercise 1.22. Show that
A°={zeX:x ¢ A},

where X denotes the underlying universal set.

Exercise 1.23. Determine the complement of {1,2,3,4} in {1,3,5,7}, and the complement of
{1,3,5,7} in {1,2,3,4}.

Exercise 1.24. If A, B are subsets of a set X, show that
A°NB =B\ A.
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Exercise 1.25. If A is a subset of a set X, then show that
AUAc =X, AN A =0, (A°)° = A.

Exercise 1.26. If A, B are subsets of a set X, then show that
(AUB) = A°N B¢ (AN B)¢ = A°U B°.

Exercise 1.27. Let A, B be subsets of a set X. Show that the following statements are equivalent.
A C B,
ANB=A,
AUB=B,
B¢ C A°.

Exercise 1.28. Let A, B be subsets of a set X. Show that the sets
A\B,B\ A

are disjoint.
Exercise 1.29. Determine the symmetric difference of {1,2,3,4} and {1, 3,5, 7}.

Exercise 1.30. If A, B are sets, then show that
AAB = (A\B)U(B\ A),
AAB = BAA,
AUB=(AAB)U(ANB),
(AAB)N (AN B) = 0.

Exercise 1.31. Write down the power set of each of the following sets:
{1,2},{1,2,3},{1,{2,3}},{1,2,3,4}.

Exercise 1.32. If A, B are finite sets, then show that
|A x B = |A| x |B,

where for a set X, its number of elements is denoted by | X|.
Exercise 1.33. Determine the cartesian product of [1, 2] and [3, 4] U [5, 6].
Exercise 1.34. Identify the set

{azeR\{O}:x+£22}.

Exercise 1.35. Let A, B be subsets of R defined by
A={zeR:z* >0},
B={zeR:z3 >0}
Determine the sets AU B, AN B, A\ B, B\ A.

Exercise 1.36. For a positive integer k, let A, denote the set of integral multiples of k, that is,



A, ={r €Z:r =kl for some ¢ € Z}.
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Let m, n be positive integers. For each of the following statements, determine the equivalent condi-

tions on the integers m, n.

1. A, CA,

2. A CA,

3. A4, ¢ A,

4. A, =A,

5. A, NA, =0

6. A, \A, #0

7. A, \NA, #Dor A, \NA, +0
8. A,,\A, #0and A, \A,, #0

Exercise 1.37. Show that R is a subset of C.

Exercise 1.38. If z, w are complex numbers, then show that
Lztw=z+7w,
2. Zw=72- w,
3. |2] >0, and
4. |z-w| = |z| |w|.

z| = 0ifand only if z = 0,

Exercise 1.39. If z is a complex number, then show that

z-Z=|z|%

Exercise 1.40. For any real number 6, show that
|cosf + isinf| = 1.
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Chapter 2. Induction principles

Exercise 2.1. If A is a nonempty subset of N, and a,, a, are least elements of A, then show that
al = a/2.

Exercise 2.2. Show that

1 i 1 P 1 _n
1-2 23 nn+1) n+1

foralln € N.
Exercise 2.3. Show that

1 " PR 1 _n

1-3 3-5 (2n—1)2n+1) 2n+1
for alln € N.
Exercise 2.4. Show that

1 1 1 n(n + 3)
+ _|_...+ =
1-2-3  2-3-4 nn+1)(n+2) 4(n+1)(n+2)

forall n € N.

Exercise 2.5. Show that
3+11+--+(8n—5)=4n? —n
forall n € N.

Exercise 2.6. Show that

4n3 —n

P4+37 4+ (2m—1)? = —

forall n € N.

Exercise 2.7. Show that

1
12222432 — 42 4 oo (—1)"Hp2 = (_1)n+1n(n2+ )

foralln € N.

Exercise 2.8. Show that

n(n+1)(2n +1)
6 )

n(n+ 1) ) 2

2

124+22 4324+ . +n? =

hold for any positive integer n.

Exercise 2.9. Show that

1 1 1 1
bt —=1—2+4

N B 1 1 1
n+1 n+2 om 2 3

1
R T

foralln € N.
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Exercise 2.10. Show that n3 + 5n is divisible by 6 for all n € N.

Exercise 2.11. Show that 52" — 1 is divisible by 8 for all n € N.

Exercise 2.12. Show that 5™ — 4n — 1 is divisible by 16 for all n € N.

Exercise 2.13. Show that 6™ — 5n — 1 is divisible by 25 for all n € N.

Exercise 2.14. Show that n3 + (n + 1) + (n + 2)? is divisible by 9 for all n € N.

Exercise 2.15. Show that

Vn

4
+
Sl
+
+
5l
V

for all n € N satisfying n > 1.
Exercise 2.16. Show that 3” > n? foralln € N.

Exercise 2.17. Show that n! > 2" for all n € N satisfying n > 4.
Here are a few exercises where strong induction is useful.
Exercise 2.18. Show that every positive integer greater than 1 is a prime or is a product of prime

numbers.

Exercise 2.19. Let the integers z;, x,, ... be defined by
Iy = ]-7
Ty =2,
Lpt2 = §(xn + xn—i—l)

foralln € N. Show that 1 < z,, < 2foralln € N.

Exercise 2.20. The Fibonacci sequence Ky, F}, F;, ... is defined by

_F’O:ZO’
}71::1’
F =1,

Fn+2::Fn+Fn+l
e ({15 (1=v5\"
" /5 2 B 2

FP+F+F +-+F=FF,

for all n € N. Show that

for alln € NU {0}.

Exercise 2.21. Show that

foralln € NU {0}.
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Chapter 3. Matrices

Exercise 3.1. If A, B, C' are matrices of the same size, show that
A+ (B+C)=(A+B)+C.

Exercise 3.2. If A, B are matrices of the same size, show that

A+ B=B+ A.

Exercise 3.3. If A is an m X n matrix, show that
A+0 =0 + A=A

holds, where 0,,,,, denotes the m X n zero matrix, that is, the m X n matrix whose entries are

mXxn mXxn

all zero.

Exercise 3.4. Show that if A is a matrix and c, d are real numbers, then
(c+d)A=cA+dA
and

c(dA) = (cd)A.
Exercise 3.5. If A is a matrix, what is (AT)T?

Exercise 3.6. Show that if A, B are matrices of the same size, then
(A+B)T = AT 4+ BT.

Exercise 3.7. Show that if A denotes a matrix, then

(AT)" = A.

Exercise 3.8. Show that if A, B, C' are matrices such that the products A(BC') and (AB)C' are
defined, then

A(BC) = (AB)C.

Exercise 3.9. Provide examples to show that in general, matrix multiplication is not commutative,
that is, AB #+ BA for some matrices A, B.

Exercise 3.10 (**). Show that for any n € N with n > 2, there are n x n matrices A, B such that
AB + BA.

?  Question

Can induction be used for the above exercise?

Exercise 3.11. If A is an n X n matrix, show that
Al =1, A=A

holds, where I,, denotes the n x n diagonal matrix, with all diagonal entries equal to 1, that is,
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10..0
=710
00 ..1

Exercise 3.12. If A is an m X n matrix, show that
I A=A Al =A

where I, (resp. I,,)) denote the m X m (resp. n X n) identity matrix.

Exercise 3.13. If A is an m X n matrix with entries in R and c is a real number, then
cA = (cl,)A = Al(cl,),

where I, (resp. I,,) denotes the n x n (resp. m X m) identity matrix.

Exercise 3.14. Show that if A, B are matrices, then
(AB)T = BT AT,

01
4-(11)

F F
A" = n—1 n )
( F Fn+1

n

Exercise 3.15. Show that if

then

for all n € N with n > 1, where F,, denotes the n-th Fibonacci number.

Exercise 3.16. Compute

2
0--01
010
1---00

Exercise 3.17. Show that if A, B,C are matrices such that the sum B + C, and the products
AB, AC, A(B + C) are defined, then

A(B+C)=AB+ AC.

Exercise 3.18. Show that if A, B,C are matrices such that the sum B + C, and the products
AB, AC, A(B + C) are defined, then

(A+ B)C = AC + BC.

Exercise 3.19. If A is an m X n matrix, then show that forall i = 1, 2, ..., n, the product Ae; is equal
to the ¢-th column of A, where e, denotes the i-th standard basis vector of R”, that is,
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with 1 in the ¢-th position, and 0’s elsewhere.

Exercise 3.20. Let A, B be invertible n X n matrices. Show that AB is invertible, and that
(AB)"'=B1tA"L

Compare the above exercise with Exercise 3.14.

Exercise 3.21. If A, B are 2 X 2 matrices, then show that
det(AB) = det(A) det(B).

Exercise 3.22. Solve the system of equations
o5 + 2y = 11,
3z + 4y = 8.

Exercise 3.23. Solve the system of equations
122 — 25y = —A47,
—7z 4+ 30y = 51.

Exercise 3.24. Solve the system of equations
20 +3y + 2z =1,
4 +y+ 2z =2,
3z + 2y + 3z = 3.

Exercise 3.25. Let A, B be 2 x 2 matrices. Show that if AB is invertible, then both A and B are
invertible.
Compare the above with Exercise 3.61, Exercise 3.62, Exercise 3.73.

Exercise 3.26. Let A be an n X n matrix. If P is an invertible n X n matrix, then show that
(PAPY)* = pAkp-!

holds for any positive integer k.

Exercise 3.27. Let A be a 2 x 2 matrix. Let V' be the set of solutions to the system of equations

4(3)= (o)
v={(;) e=4(;) = (o)}

Show that for any u,v € V and ¢ € R, the element u + v of R? lies in V, and the element cu also

that is,

liesin V.
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Exercise 3.28. Let A be a 2 x 2 matrix. Let V' be the set of vectors which can be expressed as a linear
combination of the columns of A, that is?,

v={(5) e®: (2) = 4(}) tor some st e R},

Show that for any u,v € V and ¢ € R, the element u + v of R? lies in V, and the element cu also
liesin V.

Compare the following exercise with Exercise 3.55.
Exercise 3.29. Let A be an m x n matrix. Let V' be the set of solutions to the system of equations
Au =0,
that is,
V={veR": Av=0}.
Show that for any u,v € V and ¢, d € R, the element cu + dv of R™ liesin V.

Compare the following exercise with Exercise 3.56.

Exercise 3.30. Let A be an m X n matrix. Let V be the set of vectors which can be expressed as a
linear combination of the columns of A4, that is,

V ={veR™:v= Au for some u € R"}.
Show that for any u,v € V and ¢, d € R, the element cu + dv of R lies in V.

Exercise 3.31. Let A be a square matrix. Show that if A is symmetric and skew-symmetric, then A
is the zero matrix.

Exercise 3.32. Show that for any n > 2, there are infinitely many n x n orthogonal matrices.

Exercise 3.33. Let A be an orthogonal matrix. Show that A is invertible and that
A7l =AT,

Exercise 3.34. Let A, B be orthogonal matrices of the same size. Show that the matrix product AB
is also an orthogonal matrix.

Exercise 3.35. Let A, B be square matrices with complex entries. Show that

AB=AB.

Exercise 3.36. Let A be a square matrix with complex entries. Show that

AT = (4)".

Exercise 3.37. Let A, B be square matrices of the same size with complex entries. Show that
(A+ B)* = A* 4+ B*.

'Observe that
A(‘Z) = 5C) + tC,,

where C}, C, denote the first and second columns of A respectively.

10
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Exercise 3.38. Let A be a matrix with complex entries. Show that

(A%)* = A.

Exercise 3.39. Let A, B be matrices with complex entries. Show that

(AB)* = B*A*.
Exercise 3.40. Let A be an n X n hermitian matrix. Show that all the diagonal entries of A are real
numbers. More generally, show that for any 1 < 4, j < n, the (4, j)-entry and the (7, 7)-entry of A

are complex conjugates of each other.

Exercise 3.41. Let A, B be hermitian matrices of the same size. Show that the matrix A + B is also
a hermitian matrix. Is the matrix AB also a hermitian matrix?

Exercise 3.42. State and prove an analogue of Exercise 3.40 for skew-hermitian matrices.

Exercise 3.43. Let A, B be skew-hermitian matrices of the same size. Show that the matrix A + B

is also a skew-hermitian matrix. Is the matrix AB also a skew-hermitian matrix?

Exercise 3.44. Let A be a square matrix with complex entries. Show that if A is hermitian and skew-
hermitian, then A is the zero matrix.

Exercise 3.45. Let A be a unitary matrix. Show that A is invertible and that
A7l = A%

Exercise 3.46. Let A, B be unitary matrices of the same size. Show that the matrix product AB is
also a unitary matrix.

Exercise 3.47. Show that any orthogonal matrix is a unitary matrix. Is the converse true?

Exercise 3.48. Determine whether the following matrices are unitary, hermitian, both, or neither.
01 0 —3 10
10/°\i 0)'\0 —1)°

Exercise 3.49. Let z, w be complex numbers such that |2|? + |w|? = 1. Show that

)

Exercise 3.50. Let A be a diagonal matrix with complex entries. Show that A is a unitary matrix if

is a unitary matrix.

and only if all the diagonal entries of A have absolute value equal to 1.
Exercise 3.51. Show that any unitary matrix is a normal matrix. Is the converse true?
Exercise 3.52. Show that any hermitian matrix is a normal matrix. Is the converse true?

Exercise 3.53. Show that any skew-hermitian matrix is a normal matrix. Is the converse true?

11
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Exercise 3.54. Let ¢,

unit e;; if j = k, and is equal to the zero matrix if j # k, that is,

_ J€u lfj = k7
i =10 if j # k.

ey, be matrix units of the same size. Show that e, ey, is equal to the matrix

Denote the set of m x n matrices with entries from R by M,,, ,,(R).
Compare the following exercise with Exercise 3.29.

Exercise 3.55. Let A be an m x n matrix. Let V be the set of solutions to the system of equations
uA =0,
that is,
V={ve M ,(R) :vA = 0}.
Show that for any u,v € V and ¢, d € R, the element cu + dv of R lies in V.

Compare the following exercise with Exercise 3.30.

Exercise 3.56. Let A be an m X n matrix. Let V be the set of row vectors which can be expressed as
a linear combination of the rows of A, that is,

V={ve M, ,(R) : v=u"A for some u € R™}.
Show that for any u,v € V and ¢, d € R, the element cu + dv of M; ,,(R) lies in V.

Exercise 3.57. Solve the system of linear equations in five variables x|, z,, x5, Z,, T5:
Ty + 2wy —x3 +4wy +25 =17,
2z, + 3Ty + 23 + 5Ty + 225 = 14, (1)
—z, +4xy — 225 — 374 + 5 = —10.

Exercise 3.58. Solve the system of equations in the variables z, 5, z5:
T, +2zy —x3 =1,
2z, + 3z + 25 = 2,
—x, +4xy — 2z5 = —3,
3, —xy + 4z =4,
9T, + 2x4 + 35 = 5.

Exercise 3.59. Solve the system of equations in the variables ,, z,, 3, 2 4:
2, + 2zy — x5+ 44 =9,
2z, +3xy + 23 + 524 = 8,
—z, +4xy — 2z5 — 34 = —4,
3T, —xy +4x5 + 224 =T.

Exercise 3.60. Solve the system of equations in the variables x, z,, z5:
T, + 2z — 5z5 = 20,
2z, + 5y — Tz5 = 33,
—x] — 215 +4x3 = —17.

12
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Exercise 3.61. Let A, B be square matrices of the same size. Suppose that A is invertible and AB =
I holds. Show that B is invertible and B = A~1.

Exercise 3.62. Let A, B be square matrices of the same size. Suppose that A is invertible and BA =
I holds. Show that B is invertible and B = A~1.
Compare the above two exercises with Exercise 3.25, Exercise 3.73.

Exercise 3.63. Let A, B be matrices, suppose that the number of columns of A is equal to the number
of rows of B. Suppose AB has at least two columns. Let C be the matrix obtained from AB by
removing the last column of AB. Show that there exists a matrix B’ such that C = AB’.

Exercise 3.64. Let A, B be matrices, suppose that the number of columns of A is equal to the number
of rows of B. Suppose AB has at least two rows. Let C' be the matrix obtained from A B by removing
the last row of AB. Show that there exists a matrix A" such that C' = A’B.

Exercise 3.65. Use elementary row operations to reduce the matrix

1 2 -5
A=1]12 5 -7
-1 -2 4

in its row echelon form. Use the row echelon form to determine whether A is invertible. If A is

invertible, use elementary matrices corresponding to the performed elementary row operations to
find A1,

Exercise 3.66. Solve the system of equations in the variables x, z,:
2371 - 3372 = 7,

Exercise 3.67. Transform the matrix

02 -3 0 O
1-14 0 5
00 0 1 -2
03 -5 0 1
03 =5 -1 2

into a matrix in row echelon form using elementary row operations.

Exercise 3.68. Solve the system of equations in the variables x,, 5, T3, 4:
2x9 — 3253 =0,
T, — Ty +4x5 =5,
Ty = —2,
3y —dx53 =1,

33}2—53}3—1‘4 = 2

Exercise 3.69. Find the rank of the matrix

13
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12 -1 1
01-3 0

2
00 1 —2

1
00 1 —&
001 0

Exercise 3.70. If A is an m X n matrix, then show that
rk(A) < min{m,n}.

Exercise 3.71. If A is an n X n matrix, then show that the following statements are equivalent.
1. The matrix A is invertible.
2. The rank of A is n.

Exercise 3.72. If A is an invertible square matrix, then show that A~ is also invertible, and that
=il
(A7 = 4
Exercise 3.73. If A, B are square matrices of the same size satisfying BA = I, then show that the
matrices A, B are invertible, and are the inverses of each other.
Compare the above with Exercise 3.61, Exercise 3.62, Exercise 3.25.

Exercise 3.74. Solve the system of equations in the variables z, y, 2:
T+2y+3z2=1,
4z 4 5y + 62 = 2,
Tz 4+ 8y + 10z = 3.

Exercise 3.75. Show that the determinant of the identity matrix I5 is 1, and that
adj(l) = .

Exercise 3.76. Let

A=

o O e
oS ot O
o O O

where a, b, c are scalars. Show that det(A) = abc, and that

bc 0 O
adj(A) =10 ca 0
0 0 ab

Exercise 3.77. Let

1 -5 6
A=1—-4 8 -9
7T 2 10

Find det(A) and adj(A).

Exercise 3.78. Let

14
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N
I
=W N
_ N =
Mr—ll

Find det(A) and adj(A).

Exercise 3.79. Let

()

where a, b are scalars. Show that det(A) = ab, and that
R
adj(A) = (0 a)'

Exercise 3.80. Compute the determinant of the matrix

1 -5 6
A=12 0 9
-1 2 -1

to determine whether it is invertible. If A is invertible, then find its inverse using its adjoint.

Exercise 3.81. Use Gaussian elimination to determine the row echelon form of the matrix

1 -5 6
A=12 0 9
-1 2 -1

Use the row echelon form to determine whether A is invertible. If A is invertible, then find its inverse
using elementary matrices, corresponding to the elementary row operations used to transform A
into its row echelon form.

Exercise 3.82. Solve the following system of equations in the variables x, y, 2.
x+2y+3z=1,
4z — by 4 6z = 2,
Tx —y+ 10z = 3.

15



Practice Problems

Chapter 4. Sets

Exercise 4.1. Let A = {1,2,3,4} and B = {3,4,5,6}. Find
ANB,AUB,A\ B,B\ A, AAB.
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Exercise 4.2. Let U ={1,2,...,10} be the universal set. If A= {2,4,6,8 10} and B =

{1,3,5,7,9}, then find
A¢, B¢, (AUB)°, (AN B)°.

Exercise 4.3. Write down the power set of each of the following sets:
{1,2},{1,2,3},{1,2,3,4}.

Exercise 4.4. Identify the set

{xeR\{O}:x—l-izZ}.

Exercise 4.5. Let A, B be subsets of R defined by
A:{mER:mzzO},
B={zeR:z’ >0}
Determine the sets AU B, AN B, A\ B, B\ A.

Exercise 4.6. For a positive integer k, let A, denote the set of integral multiples of k, that is,

A ={r €Z:r =kl for some ¢ € Z}.

Let m, n be positive integers. For each of the following statements, determine the equivalent condi-

tions on the integers m, n.
1. A,CA,
2. A, CA,
3. A, CA,
4. A, =A,

Chapter 5. Induction

Exercise 5.1. Show that

LR S S
1-2 2-3 nn+1) n+1
foralln € N.
Exercise 5.2. Show that
LS SN 1 . on
1-3 3.5 (2n—1)2n+1) 2n+1

forall n € N.

16
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Exercise 5.3. Show that
1 n(n + 3)

1 1
123 234 T nmrDm+2 dntDm+2)

foralln € N.

Exercise 5.4. Show that
3+11+-++(8n—5) =4n?> —n
foralln € N.

Exercise 5.5. Show that

4n3 —
124324+ (2n—1)2 = n3 =
forallm € N.
Exercise 5.6. Show that
1292432 42 4o (—1)™Fp2 = (_1)n+1w
2
forallm € N.
Exercise 5.7. Show that
12492432 4 bn? = n(n+1)(2n+1)
6 )
2
134234334+ ... 4n3 = (M)
2
hold for any positive integer n.
Exercise 5.8. Show that
1 1 It I N 1 n 1 1 P 1 1
n+1 n+4+2 2 2 3 4 2n—1 2n

foralln € N.

Exercise 5.9. Show that n3 + 5n is divisible by 6 for all n € N.

Exercise 5.10. Show that 52" — 1 is divisible by 8 for all n € N.

Exercise 5.11. Show that 5™ — 4n — 1 is divisible by 16 for all n € N.

Exercise 5.12. Show that 6™ — 5n — 1 is divisible by 25 for all n € N.

Exercise 5.13. Show that n3 + (n + 1) + (n + 2)?2 is divisible by 9 for all n € N.

Exercise 5.14. Show that

for all n € N satisfying n > 1.

17
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Chapter 6. Matrices

Exercise 6.1. Let A = (5 ;) and B = (} ;). Compute 24 + 3B, A°B, AB®, A”.

Exercise 6.2. Suppose A is a 3 X 2 matrix, and

)-;
20

103 97
A (407) 4 (393) '

Exercise 6.3. Show that every vector in R? can be expressed as a linear combination of the vectors

(&) ()

Exercise 6.4. Write the following system of equations in matrix form Az = b.
2z + 3y = 5,
4 —y =1.

Determine

Determine if A is invertible. If it is, find A~! and use it to solve the system.

Exercise 6.5. If A, B are 2 x 2 matrices, then show that
det(AB) = det(A) det(B).

Exercise 6.6. Determine which of the following matrices are upper-triangular, lower-triangular, or

3 78 70 12 120
5’09’ ’89’34’034
6 506

Exercise 6.7. Determine which of the following matrices are symmetric, which are skew-symmetric,

neither.

12 10
04 23
00 45

S O O

and which are neither.

;ig’ (78)(10)(12)(01)(1 0)
35§ 89)'\o1)'\34)°\o0)\—-11
0232 (0 8)(00)(12)(01)(1 0)
om0 -80)2\00)°\34)°’\0o0)’\-11

Exercise 6.8. Determine which of the following matrices are orthogonal.
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Exercise 6.9. Let

1 —5 6
A=|—-4 8 —9
7 2 10
Find det(A) and adj(A).
Exercise 6.10. Let
21 -1
A=1|32 1
41 2

Find det(A) and adj(A).
Exercise 6.11. Let 6 be a real number satisfying 0 < 6 < 7. Show that the matrix
cosf —sinf
A= (sinﬁ cos 6 )
is orthogonal.

Exercise 6.12. Let A be an orthogonal matrix. Show that A is invertible and that
A7l = AT,

Exercise 6.13. Write the following system of equations in matrix form Az = b.
T, + 229 — x5 + 4z, =5,
2z +3x5 + 23 + 524 = 8,
—z, +4xy — 225 — 3z, = —4,
3, —xy +4z5 + 224 =T.
Perform Gaussian elimination on the augmented matrix (A | b), to reduct it to row echelon form.

Using this form, determine if the system has a solution. If it does, find all solutions of the above
system in the variables z, x5, x5, z,.

Exercise 6.14. Perform row reduction on the matrix

1 2 =5
2 5 =7
-1 -2 4

to reduce it to row echelon form. Using these reductions, find the inverse of the above matrix, if it

exists.

Exercise 6.15. Transform the matrix
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02 -3 0 0
1-14 0 5
00 0 1 -2
03 -5 0 1
03 -5 -1 2

into a matrix in row echelon form using elementary row operations.

Exercise 6.16. Solve the system of equations in the variables x,, 5, x5, 2.
2z9 — 3z5 =0,
T, — Ty +4x5 =5,
Ty = —2,
3z — dx5 =1,

3y — x5 — 2, = 2.

Exercise 6.17. Let

a00
A=|0b0],
00c
where a, b, c are scalars. Show that det(A) = abc, and that
bc 0 0
adj(A) =10 ca O
0 0 ab

Exercise 6.18. Compute the determinant of the matrix

1 =5 6
A=12 0 9
-1 2 -1

to determine whether it is invertible. If A is invertible, then find its inverse using its adjoint.

Exercise 6.19. Use Gaussian elimination to determine the row echelon form of the matrix

1 -5 6
A=12 0 9
-1 2 -1

Use the row echelon form to determine whether A is invertible. If A is invertible, then find its inverse
using elementary matrices, corresponding to the elementary row operations used to transform A
into its row echelon form.

Exercise 6.20. Solve the following system of equations in the variables z, y, 2.
T+ 2y+3z2=1,
4o — by + 6z = 2,
Tz —y+ 10z = 3.
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