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Chapter 1. Sets

Exercise 1.1.  Let 𝐴 = {1, 2, 3, 4} and 𝐵 = {3, 4, 5, 6}. Find
𝐴 ∩ 𝐵, 𝐴 ∪ 𝐵, 𝐴 ∖ 𝐵, 𝐵 ∖ 𝐴, 𝐴Δ𝐵.

Exercise 1.2.  Let 𝑈 = {1, 2, …, 10} be the universal set. If 𝐴 = {2, 4, 6, 8, 10} and 𝐵 =
{1, 3, 5, 7, 9}, then find

𝐴𝑐, 𝐵𝑐, (𝐴 ∪ 𝐵)𝑐, (𝐴 ∩ 𝐵)𝑐.

Exercise 1.3.  Write down the power set of each of the following sets:
{1, 2}, {1, 2, 3}, {1, 2, 3, 4}.

Exercise 1.4.  Identify the set

{𝑥 ∈ ℝ ∖ {0} : 𝑥 + 1
𝑥

≥ 2}.

Exercise 1.5.  Let 𝐴, 𝐵 be subsets of ℝ defined by
𝐴 = {𝑥 ∈ ℝ : 𝑥2 ≥ 0},

𝐵 = {𝑥 ∈ ℝ : 𝑥3 ≥ 0}.

Determine the sets 𝐴 ∪ 𝐵, 𝐴 ∩ 𝐵, 𝐴 ∖ 𝐵, 𝐵 ∖ 𝐴.

Exercise 1.6.  For a positive integer 𝑘, let 𝐴𝑘 denote the set of integral multiples of 𝑘, that is,
𝐴𝑘 ≔ {𝑟 ∈ ℤ : 𝑟 = 𝑘ℓ for some ℓ ∈ ℤ}.

Let 𝑚, 𝑛 be positive integers. For each of the following statements, determine the equivalent condi!
tions on the integers 𝑚, 𝑛.

1. 𝐴𝑚 ⊆ 𝐴𝑛
2. 𝐴𝑚 ⊊ 𝐴𝑛
3. 𝐴𝑚 ⊈ 𝐴𝑛
4. 𝐴𝑚 = 𝐴𝑛

Chapter 2. Induction

Exercise 2.1.  Show that
1

1 ⋅ 2
+ 1

2 ⋅ 3
+ ⋯ + 1

𝑛(𝑛 + 1)
= 𝑛

𝑛 + 1
for all 𝑛 ∈ ℕ.

Exercise 2.2.  Show that
1

1 ⋅ 3
+ 1

3 ⋅ 5
+ ⋯ + 1

(2𝑛 − 1)(2𝑛 + 1)
= 𝑛

2𝑛 + 1
for all 𝑛 ∈ ℕ.

Exercise 2.3.  Show that
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1
1 ⋅ 2 ⋅ 3

+ 1
2 ⋅ 3 ⋅ 4

+ ⋯ + 1
𝑛(𝑛 + 1)(𝑛 + 2)

= 𝑛(𝑛 + 3)
4(𝑛 + 1)(𝑛 + 2)

for all 𝑛 ∈ ℕ.

Exercise 2.4.  Show that
3 + 11 + ⋯ + (8𝑛 − 5) = 4𝑛2 − 𝑛

for all 𝑛 ∈ ℕ.

Exercise 2.5.  Show that

12 + 32 + ⋯ + (2𝑛 − 1)2 = 4𝑛3 − 𝑛
3

for all 𝑛 ∈ ℕ.

Exercise 2.6.  Show that

12 − 22 + 32 − 42 + ⋯ + (−1)𝑛+1𝑛2 = (−1)𝑛+1 𝑛(𝑛 + 1)
2

for all 𝑛 ∈ ℕ.

Exercise 2.7.  Show that

12 + 22 + 32 + ⋯ + 𝑛2 = 𝑛(𝑛 + 1)(2𝑛 + 1)
6

,

13 + 23 + 33 + ⋯ + 𝑛3 = (𝑛(𝑛 + 1)
2

)
2

hold for any positive integer 𝑛.

Exercise 2.8.  Show that
1

𝑛 + 1
+ 1

𝑛 + 2
+ ⋯ + 1

2𝑛
= 1 − 1

2
+ 1

3
− 1

4
+ ⋯ + 1

2𝑛 − 1
− 1

2𝑛
for all 𝑛 ∈ ℕ.

Exercise 2.9.  Show that 𝑛3 + 5𝑛 is divisible by 6 for all 𝑛 ∈ ℕ.

Exercise 2.10.  Show that 52𝑛 − 1 is divisible by 8 for all 𝑛 ∈ ℕ.

Exercise 2.11.  Show that 5𝑛 − 4𝑛 − 1 is divisible by 16 for all 𝑛 ∈ ℕ.

Exercise 2.12.  Show that 6𝑛 − 5𝑛 − 1 is divisible by 25 for all 𝑛 ∈ ℕ.

Exercise 2.13.  Show that 𝑛3 + (𝑛 + 1)3 + (𝑛 + 2)3 is divisible by 9 for all 𝑛 ∈ ℕ.

Exercise 2.14.  Show that
1√
1

+ 1√
2

+ ⋯ + 1√
𝑛

>
√

𝑛

for all 𝑛 ∈ ℕ satisfying 𝑛 > 1.
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Chapter 3. Matrices

Exercise 3.1.  Let 𝐴 = (1
3

2
4) and 𝐵 = (5

1
1
6). Compute 2𝐴 + 3𝐵, 𝐴2𝐵, 𝐴𝐵3, 𝐴𝑇 .

Exercise 3.2.  Suppose 𝐴 is a 3 × 2 matrix, and

𝐴(1
4) =

(
((
( 2

8
14)

))
),

𝐴(3
7) =

(
((
(−4

8
20)

))
).

Determine

𝐴(103
407), 𝐴( 97

393).

Exercise 3.3.  Show that every vector in ℝ2 can be expressed as a linear combination of the vectors

(1
4), (3

7).

Exercise 3.4.  Write the following system of equations in matrix form 𝐴𝑥 = 𝑏.
2𝑥 + 3𝑦 = 5,
4𝑥 − 𝑦 = 1.

Determine if 𝐴 is invertible. If it is, find 𝐴−1 and use it to solve the system.

Exercise 3.5.  If 𝐴, 𝐵 are 2 × 2 matrices, then show that
det(𝐴𝐵) = det(𝐴) det(𝐵).

Exercise 3.6.  Determine which of the following matrices are upper!triangular, lower!triangular, or
neither.

(
((
(1

0
0

2
4
0

3
5
6)
))
), (7

0
8
9),

(
((
(1

2
4

0
3
5

0
0
6)
))
), (7

8
0
9), (1

3
2
4),

(
((
(1

0
5

2
3
0

0
4
6)
))
).

Exercise 3.7.  Determine which of the following matrices are symmetric, which are skew!symmetric,
and which are neither.

(
((
(1

2
3

2
4
5

3
5
6)
))
), (7

8
8
9), (1

0
0
1), (1

3
2
4), (0

0
1
0), ( 1

−1
0
1),

(
((
( 0

−2
−3

2
0

−5

3
5
0)
))
), ( 0

−8
8
0), (0

0
0
0), (1

3
2
4), (0

0
1
0), ( 1

−1
0
1).

Exercise 3.8.  Determine which of the following matrices are orthogonal.
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(0
1

1
0), (1

0
0

−1),
(
((

1√
2

1√
2

− 1√
2

1√
2 )

)), (1
3

2
4), (0

0
1
0), ( 1

−1
0
1).

Exercise 3.9.  Let

𝐴 =
(
((
( 1

−4
7

−5
8
2

6
−9
10)

))
).

Find det(𝐴) and adj(𝐴).

Exercise 3.10.  Let

𝐴 =
(
((
(2

3
4

1
2
1

−1
1
2 )

))
).

Find det(𝐴) and adj(𝐴).

Exercise 3.11.  Let 𝜃 be a real number satisfying 0 < 𝜃 < 𝜋
2 . Show that the matrix

𝐴 = (cos 𝜃
sin 𝜃

− sin 𝜃
cos 𝜃 )

is orthogonal.

Exercise 3.12.  Let 𝐴 be an orthogonal matrix. Show that 𝐴 is invertible and that
𝐴−1 = 𝐴𝑇 .

Exercise 3.13.  Write the following system of equations in matrix form 𝐴𝑥 = 𝑏.
𝑥1 + 2𝑥2 − 𝑥3 + 4𝑥4 = 5,

2𝑥1 + 3𝑥2 + 𝑥3 + 5𝑥4 = 8,
−𝑥1 + 4𝑥2 − 2𝑥3 − 3𝑥4 = −4,

3𝑥1 − 𝑥2 + 4𝑥3 + 2𝑥4 = 7.
Perform Gaussian elimination on the augmented matrix (𝐴 | 𝑏), to reduct it to row echelon form.
Using this form, determine if the system has a solution. If it does, find all solutions of the above
system in the variables 𝑥1, 𝑥2, 𝑥3, 𝑥4.

Exercise 3.14.  Perform row reduction on the matrix

(
((
( 1

2
−1

2
5

−2

−5
−7
4 )

))
)

to reduce it to row echelon form. Using these reductions, find the inverse of the above matrix, if it
exists.

Exercise 3.15.  Transform the matrix
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(
((
((
((
((
(0

1
0
0
0

2
−1
0
3
3

−3
4
0

−5
−5

0
0
1
0

−1

0
5

−2
1
2 )

))
))
))
))
)

into a matrix in row echelon form using elementary row operations.

Exercise 3.16.  Solve the system of equations in the variables 𝑥1, 𝑥2, 𝑥3, 𝑥4.
2𝑥2 − 3𝑥3 = 0,

𝑥1 − 𝑥2 + 4𝑥3 = 5,
𝑥4 = −2,

3𝑥2 − 5𝑥3 = 1,
3𝑥2 − 5𝑥3 − 𝑥4 = 2.

Exercise 3.17.  Let

𝐴 =
(
((
(𝑎

0
0

0
𝑏
0

0
0
𝑐)
))
),

where 𝑎, 𝑏, 𝑐 are scalars. Show that det(𝐴) = 𝑎𝑏𝑐, and that

adj(𝐴) =
(
((
(𝑏𝑐

0
0

0
𝑐𝑎
0

0
0
𝑎𝑏)

))
).

Exercise 3.18.  Compute the determinant of the matrix

𝐴 =
(
((
( 1

2
−1

−5
0
2

6
9

−1)
))
)

to determine whether it is invertible. If 𝐴 is invertible, then find its inverse using its adjoint.

Exercise 3.19.  Use Gaussian elimination to determine the row echelon form of the matrix

𝐴 =
(
((
( 1

2
−1

−5
0
2

6
9

−1)
))
).

Use the row echelon form to determine whether 𝐴 is invertible. If 𝐴 is invertible, then find its inverse
using elementary matrices, corresponding to the elementary row operations used to transform 𝐴
into its row echelon form.

Exercise 3.20.  Solve the following system of equations in the variables 𝑥, 𝑦, 𝑧.
𝑥 + 2𝑦 + 3𝑧 = 1,

4𝑥 − 5𝑦 + 6𝑧 = 2,
7𝑥 − 𝑦 + 10𝑧 = 3.
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