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Chapter 1. Sets

Exercise 1.1. Let A = {1,2,3,4} and B = {3,4,5,6}. Find
ANB,AUB,A\ B,B\ A, AAB.

Exercise 1.2. Let U ={1,2,...,10} be the universal set. If A= {2,4,6,8 10} and B =
{1,3,5,7,9}, then find
A¢, B¢, (AU B)°, (AN B)-.

Exercise 1.3. Write down the power set of each of the following sets:
{1,2},{1,2,3},{1,2,3,4}.

Exercise 1.4. Identify the set

{xeR\{O}:x—l-izZ}.

Exercise 1.5. Let A, B be subsets of R defined by
A={zeR:z? >0},
B={zeR:z’ >0}
Determine the sets AU B, AN B, A\ B, B\ A.

Exercise 1.6. For a positive integer k, let A; denote the set of integral multiples of k, that is,
A ={r €Z:r =kl for some ¢ € Z}.

Let m, n be positive integers. For each of the following statements, determine the equivalent condi-
tions on the integers m, n.

1. A,CA,

2. A, CA,

3. A, CA,

4. A, =4,

Chapter 2. Induction

Exercise 2.1. Show that

1 o 1 ot 1 _n
1-2 2.3 nn+1) n+1
foralln € N.
Exercise 2.2. Show that
N 1 on
1-3 3.5 (2n—1)2n+1) 2n+1

forall n € N.

Exercise 2.3. Show that



1 1 n(n + 3)

forall n € N.

Exercise 2.4. Show that

foralln € N.

Exercise 2.5. Show that

foralln € N.

Exercise 2.6. Show that

forall n € N.

Exercise 2.7. Show that

-3-4 n(n+1)(n + 2)
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3+11+--+(8n—5)=4n?—n

hold for any positive integer n.

Exercise 2.8. Show that
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n+1
forall n € N.

Exercise 2.9. Show that n® + 5n is divisible by 6 for all n € N.

Exercise 2.10. Show that 52" — 1 is divisible by 8 for all n € N.

Exercise 2.11. Show that 5™ —
Exercise 2.12. Show that 6™ —
Exercise 2.13. Show that n3 +

Exercise 2.14. Show that

for all n € N satisfying n > 1.

4n — 1 is divisible by 16 for all n € N.
5n — 1 is divisible by 25 for all n € N.

(n+1)3 + (n + 2)3 is divisible by 9 for all n € N.
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Chapter 3. Matrices

Exercise 3.1. Let A = (5 ;) and B = (} ;). Compute 24 + 3B, A°B, AB®, AT

Exercise 3.2. Suppose A is a 3 X 2 matrix, and

)-;
20

103 97
A (407) 4 (393) '

Exercise 3.3. Show that every vector in R? can be expressed as a linear combination of the vectors

(&) ()

Exercise 3.4. Write the following system of equations in matrix form Az = b.
2z + 3y = 5,
4 —y =1.

Determine

Determine if A is invertible. If it is, find A~! and use it to solve the system.

Exercise 3.5. If A, B are 2 x 2 matrices, then show that
det(AB) = det(A) det(B).

Exercise 3.6. Determine which of the following matrices are upper-triangular, lower-triangular, or

3 78 70 12 120
5’09’ ’89’34’034
6 506

Exercise 3.7. Determine which of the following matrices are symmetric, which are skew-symmetric,

neither.

12 10
04 23
00 45

S O O

and which are neither.

;ig’ (78)(10)(12)(01)(1 0)
35§ 89)'\o1)'\34)°\o0)\—-11
0232 (0 8)(00)(12)(01)(1 0)
om0 -80)2\00)°\34)°’\0o0)’\-11

Exercise 3.8. Determine which of the following matrices are orthogonal.
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Exercise 3.9. Let

1 —5 6
A=|—-4 8 —9
7 2 10
Find det(A) and adj(A).
Exercise 3.10. Let
21 -1
A=1|32 1
41 2

Find det(A) and adj(A).
Exercise 3.11. Let 6 be a real number satisfying 0 < 6 < 7. Show that the matrix
cosf —sinf
A= (sinﬁ cos 6 )
is orthogonal.

Exercise 3.12. Let A be an orthogonal matrix. Show that A is invertible and that
A7l = AT,

Exercise 3.13. Write the following system of equations in matrix form Az = b.
T, + 229 — x5 + 4z, =5,
2z +3x5 + 23 + 524 = 8,
—z, +4xy — 225 — 3z, = —4,
3, —xy +4z5 + 224 =T.
Perform Gaussian elimination on the augmented matrix (A | b), to reduct it to row echelon form.

Using this form, determine if the system has a solution. If it does, find all solutions of the above
system in the variables z, x5, x5, z,.

Exercise 3.14. Perform row reduction on the matrix

1 2 =5
2 5 =7
-1 -2 4

to reduce it to row echelon form. Using these reductions, find the inverse of the above matrix, if it

exists.

Exercise 3.15. Transform the matrix
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02 -3 0 0
1-14 0 5
00 0 1 -2
03 -5 0 1
03 -5 -1 2

into a matrix in row echelon form using elementary row operations.

Exercise 3.16. Solve the system of equations in the variables x,, 5, x5, 2.
2z9 — 3z5 =0,
T, — Ty +4x5 =5,
Ty = —2,
3z — dx5 =1,

3y — x5 — 2, = 2.

Exercise 3.17. Let

a00
A=|0b0],
00c
where a, b, c are scalars. Show that det(A) = abc, and that
bc 0 0
adj(A) =10 ca O
0 0 ab

Exercise 3.18. Compute the determinant of the matrix

1 =5 6
A=12 0 9
-1 2 -1

to determine whether it is invertible. If A is invertible, then find its inverse using its adjoint.

Exercise 3.19. Use Gaussian elimination to determine the row echelon form of the matrix

1 -5 6
A=12 0 9
-1 2 -1

Use the row echelon form to determine whether A is invertible. If A is invertible, then find its inverse
using elementary matrices, corresponding to the elementary row operations used to transform A
into its row echelon form.

Exercise 3.20. Solve the following system of equations in the variables z, y, 2.
T+ 2y+3z2=1,
4o — by + 6z = 2,
Tz —y+ 10z = 3.
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