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Figure 1: RMO 1990 P3, Exercise 1.1
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§1 Pythagoras’ theorem

Exercise 1.1 (RMO 1990 P3, AoPS). A square sheet of paper ABCD is so
folded that B falls on the mid-point M of CD. Prove that the crease will
divide BC in the ratio 5 : 3.

Solution 1. Let the crease intersect BC at P , and AD at Q. Let R denote
the midpoint of BM . Then PQ is the perpendicular bisector of BM . Note
that △BPR and △MPR are congruent. This gives BP = PM . Applying the
Pythagoras’ theorem to △CPM , we obtain

CM2 + CP 2 = PM2,

which gives
CM2 + CP 2 = BP 2.

This implies that
CM2 = (BP − CP )(BP + CP ),

which yields

BP − CP =
CM2

BP + CP
=

BC

4
=

BP + CP

4
.
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Figure 2: RMO 2012b P1, Exercise 1.2

We get
BP

CP
=

1 + 4

4− 1
=

5

3
.

■

Exercise 1.2 (RMO 2012b P1, AoPS). Let ABCD be a unit square. Draw
a quadrant of a circle with A as centre and B,D as endpoints of the arc.
Similarly, draw a quadrant of a circle with B as centre and A,C as endpoints
of the arc. Inscribe a circle Γ touching the arc AC internally, the arc BD
internally and also touching the side AB. Find the radius of the circle Γ.

Solution 2. Let E denote the midpoint of AB, and F denote the midpoint of
CD. Note that EF is parallel to AB and CD, and has length equal to that
of AB and CD. Indeed, the line passing through the midpoint E of AB and
parallel to BC bisects AC. Since this line is also parallel to AD, it bisects CD,
hence passes through F . Thus, EF is parallel to AB and CD, and has length
equal to that of AB and CD.

Note that △ADF,△BCF are congruent, and hence AF = BF . This implies
that △AEF,△BEF are congruent, and hence EF is a perpendicular bisector
of AB.

Let O denote the centre of the circle Γ. Let Q denote the point of tangency
of Γ with the arc BD, and R denote the point of tangency of Γ with the arc AC.
Since Γ and the arc BD touch at Q, it follows that AQ,QO are perpendicular
to their common tangent at Q. Hence, the points A,Q,O are collinear, and
this gives

AO = AQ−OQ.
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Similarly, since Γ and the arc AC touch at R, it follows that B,R,O are
collinear, and this gives

BO = BR−OR.

This implies that

BR−OR = BC −OR = AD −OR = AQ−OQ = AO.

Using an argument as above, it turns out that △AEO,△BEO are congruent,
and hence EO is a perpendicular bisector of AB. This implies that O lies on
the line EF .

Since Γ is a circle touching AB, it follows that the point of tangency of Γ with
AB is the foot of the perpendicular from O to AB. Since OE is perpendicular
to AB, it follows that the point of tangency of Γ with AB is E. Thus, the
radius of Γ is equal to OE.

Let r denote the radius of Γ, and s denote the length of the sides of ABCD.
It follows from the above that

EO = r,AO = AQ−OQ = s− r.

Applying the Pythagoras’ theorem to △AEO, we obtain

r2 +
(s
2

)2

= (s− r)2,

which gives r = 3s
8 = 3

8 . ■

Exercise 1.3 (RMO 2012c P1, AoPS). Let ABCD be a unit square. Draw
a quadrant of a circle with A as centre and B,D as endpoints of the arc.
Similarly, draw a quadrant of a circle with B as centre and A,C as endpoints
of the arc. Inscribe a circle Γ touching the arcs AC and BD both externally
and also touching the side CD. Find the radius of the circle Γ.

Solution 3. Let E denote the midpoint of AB, and F denote the midpoint of
CD. Note that EF is parallel to AB and CD, and has length equal to that
of AB and CD. Indeed, the line passing through the midpoint E of AB and
parallel to BC bisects AC. Since this line is also parallel to AD, it bisects CD,
hence passes through F . Thus, EF is parallel to AB and CD, and has length
equal to that of AB and CD.

Note that △ADF,△BCF are congruent, and hence AF = BF . This implies
that △AEF,△BEF are congruent, and hence EF is a perpendicular bisector
of AB. Similarly, it follows that EF is a perpendicular bisector of CD.

Let O denote the centre of the circle Γ. Let Q denote the point of tangency
of Γ with the arc BD, and R denote the point of tangency of Γ with the arc AC.
Since Γ and the arc BD touch at Q, it follows that AQ,QO are perpendicular
to their common tangent at Q. Hence, the points A,Q,O are collinear, and
this gives

AO = AQ+QO.

4 The content posted here and at this blog by Evan Chen are quite useful.
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Figure 3: RMO 2012c P1, Exercise 1.3

Similarly, since Γ and the arc AC touch at R, it follows that BR,RO are
perpendicular to their common tangent at R. Hence, the points B,R,O are
collinear, and this gives

BO = BR+RO.

This implies that

BO = BR+RO = BC +QO = AD +QO = AQ+QO = AO.

Using an argument as above, it turns out that △AEO,△BEO are congruent,
and hence EO is a perpendicular bisector of AB. This implies that O lies on
the line EF .

Since Γ is a circle touching CD, it follows that the point of tangency of Γ with
CD is the foot of the perpendicular from O to CD. Since OF is perpendicular
to CD, it follows that the point of tangency of Γ with CD is F . Thus, the
radius of Γ is equal to OF . This gives

EO = EF −OF.

Let r denote the radius of Γ, and s denote the length of the sides of ABCD.
It follows from the above that

EO = EF −OF = s− r,AO = AQ+QO = s+ r.

Applying the Pythagoras’ theorem to △AEO, we obtain

(s− r)2 +
(s
2

)2

= (s+ r)2,

which gives r = s
16 = 1

16 . ■
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Figure 4: RMO 2012d P1, Exercise 1.4

Exercise 1.4 (RMO 2012d P1, AoPS). Let ABCD be a unit square. Draw
a quadrant of a circle with A as centre and B,D as endpoints of the arc.
Similarly, draw a quadrant of a circle with B as centre and A,C as endpoints
of the arc. Inscribe a circle Γ touching the arc AC externally, the arc BD
internally and also touching the side AD. Find the radius of the circle Γ.

Solution 4. Let O denote the centre of the circle Γ, and F denote the point
of tangency of Γ with the side AD. Note that OF is perpendicular to AD,
and hence OF is parallel to AB. Let E denote the foot of the perpendicular
from O to BC. Note that OE is parallel to AB. It follows that E,O, F are
collinear, and hence

EF = EO +OF.

Since EF,AB are parallel and so are E,AF , it follows that ABEF is a
parallelogram, and hence, we obtain EF = AB,BE = AF .

Let O denote the centre of the circle Γ. Let Q denote the point of tangency
of Γ with the arc BD, and R denote the point of tangency of Γ with the arc AC.
Since Γ and the arc BD touch at Q, it follows that AQ,QO are perpendicular
to their common tangent at Q. Hence, the points A,Q,O are collinear, and
this gives

AO = AQ−OQ.

Similarly, since Γ and the arc AC touch at R, it follows that BR,RO are
perpendicular to their common tangent at R. Hence, the points B,R,O are
collinear, and this gives

BO = BR+RO.

6 The content posted here and at this blog by Evan Chen are quite useful.
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Let r denote the radius of Γ, and s denote the length of the sides of ABCD.
It follows from the above that

BO = BR+RO = s+ r,AO = AQ−OQ = s− r.

Applying the Pythagoras’ theorem to △AOF,△BEO, we obtain

BE2 +OE2 = (s+ r)2, AF 2 +OF 2 = (s− r)2.

Using BE = AF , we get

(OE −OF )(OE +OF ) = 4sr,

which yields
(EF − 2 ·OF )(EF ) = 4sr.

This gives
(s− 2r)s = 4sr,

implying that

r =
s

6
=

1

6
.

■

Exercise 1.5 (IOQM 2024 P15, AoPS). Let X be the set consisting of twenty
positive integers n, n+2, . . . , n+38. The smallest value of n for which any three
numbers a, b, c ∈ X, not necessarily distinct, form the sides of an acute-angled
triangle is:

Summary — Use Pythagoras’ theorem.

Walkthrough —

(a) Use the fact thata if a, b, c are the sides of an acute-angled triangle with
c denoting the largest side, then a2 + b2 > c2 holds.

(b) Show that for any such n, the inequality

(n+ 38)2 < 2n2

holds, which yields n ≥ 92.

(c) Prove that for n = 92, the inequality

2(n+ 2i)2 > (n+ 2i+ 2)2

holds for i = 0, 1, . . . , 18.

(d) Note that if suffices to show that

2m2 > (m+ 2)2

for any m ∈ {92, 94, . . . , 128}.

Some style files, prepared by Evan Chen, have been adapted here. 7
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What is the role of part (c)? Does it guarantee that for n = 92, the set X has
the stated property?

aHow to prove it? Does the converse of this statement hold? In other words, if a, b, c
are positive real numbers satisfying a2 + b2 > c2, then does it follow that a, b, c are
the sides of an acute-angled triangle? Even if it doesn’t, would it be true under
additional hypothesis?

Solution 5. ■
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