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§1 Problems

Exercise 1.1 (USAMO 1975 P3, AoPS). A polynomial P(z) of degree n
satisfies

Pky=+—— fork=0,1,2,...,n.
Find P(n+1).

Walkthrough —
(a) Consider the polynomial (x + 1)P(z) — x.

Example 1.2. Let P(z) be a polynomial with real coefficients such that
P(sina) = P(cosa) for all @ € R. Show that P(z) = Q(2? — x?) for some
polynomial Q(x) with real coefficients.


https://artofproblemsolving.com/community/c4473_1975_usamo
https://artofproblemsolving.com/wiki/index.php/1975_USAMO_Problems/Problem_3
https://www.imc-math.org.uk/imc2008/day2_solutions.pdf
https://www.imc-math.org.uk/imc2008/day2_solutions.pdf
https://olympiads.mccme.ru/vmo/33/v07-1.pdf
https://olympiads.mccme.ru/vmo/33/v07-1.pdf
https://artofproblemsolving.com/community/c5167_2007_allrussian_olympiad
https://artofproblemsolving.com/community/c6h147176p832759
https://artofproblemsolving.com/community/c4473_1975_usamo
https://artofproblemsolving.com/wiki/index.php/1975_USAMO_Problems/Problem_3

2 January 2026 https://jpsaha.github.io/MOTP/

Exercise 1.3 (International Mathematics Competition 2008 Day 2 P4). Let
f(x), g(x) be nonconstant polynomials with integer coefficients such that g(x)
divides f(x). Prove that if the polynomial f(x) — 2008 has at least 81 distinct
integer roots, then the degree of g(x) is greater than 5.

Walkthrough —
(a)

Exercise 1.4 (All-Russian Mathematical Olympiad 2007 Grade 11 Day 2 PG,
AoPS, by N. Agakhanov, I. Bogdanov). Do there exist nonzero reals a, b, ¢ such
that, for any n > 3, there exists a polynomial P, (z) = 2" + - - + az? + bx + ¢,
which has exactly n (not necessarily distinct) integral roots?

Walkthrough —
(a)

Example 1.5. Does there exist a polynomial P(x) with rational coefficients
such that sinx = P(z) for all > 1007

Example 1.6. Let f(x), g(x) be polynomials with integer coefficients. Assume
that for infinitely many integers n, g(n) is nonzero and divides f(n). Show
that g(z) divides f(«) in the ring of polynomials with rational coefficients.

Example 1.7. Let n be a positive integer. Show that the polynomial
(z=D(x—-2)---(x—n) -1

cannot be factored into the product of two non-constant polynomials with
integer coefficients. What can be said about the polynomial

(x—1)(x—2)---(x—n)+17

2 The content posted here and at this blog by Evan Chen are quite useful.


https://jpsaha.github.io/MOTP/
https://www.imc-math.org.uk/imc2008/day2_solutions.pdf
https://olympiads.mccme.ru/vmo/33/v07-1.pdf
https://artofproblemsolving.com/community/c5167_2007_allrussian_olympiad
https://artofproblemsolving.com/community/c6h147176p832759
https://web.evanchen.cc/
https://blog.evanchen.cc/
https://www.youtube.com/c/vEnhance
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