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Suggested readings

e Evan Chen’s advice On reading solutions, available at https://blog.
evanchen.cc/2017/03/06/on-reading-solutions/.

e Evan Chen’s Advice for writing proofs/Remarks on English, available at
https://web.evanchen.cc/handouts/english/english.pdf.

e Notes on proofs by Evan Chen from OTIS Excerpts [Che25, Chapter 1].

e Tips for writing up solutions by Edward Barbeau, available at https:
//www.math.utoronto.ca/barbeau/writingup.pdf.

e Evan Chen discusses why math olympiads are a valuable experience for
high schoolers in the post on Lessons from math olympiads, available at

https://blog.evanchen.cc/2018/01/05/1lessons-from-math-olympiads/.
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§1 Induction

Exercise 1 (All-Russian Mathematical Olympiad 1989, .=' %, N. Agahanov).
[S1i97, p. 14]

1. Do there exist real numbers a and b such that a + b is rational and a™ + b™
is irrational for each natural number n > 27

2. Do there exist real numbers a and b such that a + b is irrational and

a™ + b™ is rational for each natural number n > 27

Walkthrough —
(a)

Solution 1. [

Exercise 2 (Japan Mathematical Olympiad 1993 P2). For a positive integer
n, let d(n) denote its largest odd divisor. Define

D(n) =d(1) +d(2) + - -+ d(n),
T(n)=1+424---+n.

Show that there exist infinitely many positive integers n such that 3D(n) =
2T (n).

Walkthrough —
(a) Check that n = 2,6,14, 30 works.

(b) This may suggest that n = 2™ — 2 works for all m > 2.
(c) Does induction help?

Solution 2. Let us establish the following claim.

2 The content posted here and at this blog by Evan Chen are quite useful.
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Claim — For any positive integer n,
1
DM =2"+ 5(2" —1)(2" - 2)

holds.

Proof of the Claim. We prove the claim by induction on n. Note that

D(2) = d(1) + d(2)

=1+1,

:2+%@—4x2—w,
D(2%) = D(2) +d(3) + d(4)

=2+3+1

—6
2 1 2 2
=224 (2 - 1)(2* - 2)

hold. Now, let & > 2 be a positive integer, and assume that the claim holds for
for all positive integers up to k. Note that

D(2k+1)
2k
=D(2F)+) d(2* +1i)
=1
2k—1 2k:—1
=D(F)+ Y d@2F+2i— 1)+ ) d2" +2i)
=1 i=1
2k71 2k71

=DM+ > (@ +2i-1)+ > d@F ! +i)

2k-1 ,
:lXﬁ)+4§—-@k+1+2k+22”4—1}+D@ﬂ—i%ﬁ_ﬂ

=2D(2") — D(2F1) 4 22 (28 4 28T
1
= <ﬁ+3@k—nmk—m>

1
_ <2k1 + g(2]@71 _ 1)(21971 . 2)) + 2k72(2k + 2k+1)
1

::2k+1+—§(2(2k—-1x2k—-2)—(2k—1—-1x2k—1-2»

4 2k72(2k 4 2k+1) _ 2k71
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=ok+l 4 % <2(2z ~1D(2z—2) — (2 —1)(z —2) + gx(% +4x)> -z
(where z = 2F71)

:2’“+1+%(8x2—12x+4—x2+3x—2+9x2) -

=2kt 4 %(16x2 —122+2)

=ok+1 4 %(4x —1)(4z —2)

1
=2kt1 4 g(2’f+1 —1)(2F 1 —2).

O
For any integer m > 2, using the claim, we have
D(2™m-2)=D(2™)—-d(2m -1) - d(2m)
=DE2™)—-(2"-1) -
1
=2"+ 5(2m -1H@E2m-2)-2m
1
=-2m-1@2m -2
S2m - 1)(" - 2),
and consequently, we obtain
3D(2™ —2)= (2" - 1)(2™ - 2)
=2(14+2+---+(2"-2)
=2T(2™ —2).
|

Exercise 3 (All-Russian Mathematical Olympiad 2007 Grade 10 Day 1 P2,
&t W, by A. Khrabrov). Consider a polynomial P(z) = agz™ + a;z" > +--- +
Gn_1x + a,. Let m denote the minimum of the integers

ap,a0 +a1,...,a0 + a1 + -+ an.

Prove that P(z) > ma™ for all z > 1.

Walkthrough —
(a)

Solution 3. Note that

P(z) = apz™ + a1z + -+ ap_17 +a,

4 The content posted here and at this blog by Evan Chen are quite useful.
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=ao(z" — 2" 1) + (ag + ar)(z" ! — 2" ?)

+oF(aotar+ - Fapa)(@—1)+ (a0 + a1 + -+ ap)
holds, which implies that

P(z) — ma"
_ ao(m" _ xn—l) 4 (ao 4 al)(mn—l _ xn—2)

+-t+(aot+ar+--tap1)(—1)+ (ap + a1+ -+ an)

_ m(xn _ xn—l) _ m(xn—l _ n—2> _

= (ag —m)(z" — x"_l) + (ap + a1 — m)(x"_1 — x”_2)

+-4(at+ar+-Fap—1—m)(xz—1)4+(ag+a + -+ a, —m).

x ce—m(z—1)—m

It follows that for any = > 1,

P(z) > ma”.
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